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10 Studies of the term structure of interest rates try to explain the relationship between the yield
to maturity on zero-coupon bonds and their time to maturity. Over the years, many
theoretical models have been developed to explain the stylized facts of U.S. Treasury yields;
however, model comparison, parameter estimation and hypothesis testing remain thorny
issues. The purpose of this paper is to show that Bayesian methods and Markov Chain Monte

15 Carlo (MCMC) methods, in particular, may help resolve a number of these problems,
especially those related to model comparison. We use MCMC to compare the seminal models
of Vasicek and Cox, Ingersoll and Ross (CIR). The most surprising result of our analysis is
that one of these two models is almost 50 000 times more likely than the other. In contrast,
results in the previous literature have been much more ambiguous because they are based on a

20 variety of goodness-of-fit measures. A Monte Carlo study shows that these results are not
spurious: the MCMC method is able to select the correct data generation model, whereas
goodness-of-fit measures are virtually indistinguishable regardless of whether the data were
generated from Vasicek or CIR.

Keywords: Bayesian analysis; Bond yields; Monte Carlo methods; Term structure

25 1. Introduction

Studies of the term structure of interest rates try to
explain the relationship between the yield to maturity on
zero-coupon bonds and their time to maturity. For
obvious reasons these studies are of intense interest to

30 the economics/finance professions as well as Wall Street

firms. To explain the term structure, a large number of
bond pricing models have been developed following two
seminal papers by Vasicek (1977) and Cox, Ingersoll and
Ross (CIR 1985). More recent explanations can be found

35 in texts such as Karatzas and Shreve (1988, 1991),
Cochrane (2001), or the review paper by Maes (2004).

While theoretical models of the term structure have
proliferated over the years, parameter estimation and

hypothesis testing remain thorny issues (e.g., the recent

40 exchange between Duffee and Stanton (2004) and

Tauchen (2004)). Estimation problems were highlighted

early on by Ball and Torous (1996); their study was one of

many to point out difficulties in estimating the coefficient

of mean reversion in the instantaneous risk-free rate for

45both the CIR and other two-factor models. In contrast,

Chib and Greenberg (1994) show that estimation in the

presence of unit roots presents no particular challenges if

one uses a Bayesian approach. Another problem is that

most theoretical pricing models are specified in continu-

50ous time while actual bond prices or yields are observed in

discrete time and this introduces a number of approxi-

mation errors. A third problem is how to compare the

performance of competing term structure models. The

purpose of this paper is to show that Bayesian methods

55and Markov Chain Monte Carlo (MCMC) methods, in

particular, may help resolve a number of these problems,

especially those related to model comparison.
Researchers have compared the Vasicek, CIR and

other term structure models using various goodness-of-fit

60measures, with mixed results. For example, Chan et al.

(1992) compute GMM minimized criterion (�2) values for

various single-factor interest rate models and find that

CIR has a slightly lower �2 value than the Vasicek model.

This would suggest CIR fits observed yields slightly better

65than Vasicek. However, this result is based on one-month*Corresponding author. Email: whughen@uncc.edu
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Treasury bill yields as a proxy for the unobserved short
rate. This approach has at least two points of contention:
first, there is documented idiosyncratic variation in short
maturity Treasury bill yields (Duffee 1994) which would

70 suggest the one-month yield may not be good proxy for
the short rate; and, second, this approach ignores
information about the short rate imbedded in longer
maturity Treasury bills. Chen and Yang (1995) also use
relatively short maturity (three-month) Treasury bill

75 yields as a proxy for the short rate, and run regressions
to estimate the parameters of each model in the true,
physical measure. Ten-year Treasury bond prices are then
used to estimate a risk-premium parameter for each of the
two models. They find little difference between the mean

80 squared errors in the model-implied and the observed
10-year bond prices for the two models.

In the statistics literature, several papers, most notably
Chib (1995), Chib and Jeliazkov (2001) and Chen (2005),
have investigated methods for estimating the marginal

85 likelihood using draws from the posterior distributions of
the state variables and parameter vectors. We use these
methods to compare the seminal models of Vasicek and
CIR. In particular, we use the Gibbs Sampler and the
Metropolis–Hastings algorithm to obtain the conditional

90 distribution p(� | r,Y ) of the parameters � given the
instantaneous interest rate r and the bond yield data Y.
We then employ the Kalman filter to obtain the condi-
tional distribution p(r | �,Y ) for r given � and Y for the
Vasicek model; for the CIR model, since the interest rate r

95 appears in the conditional variance of the interest rate
evolution, the Kalman filter does not apply and we use a
Metropolis–Hastings step to sample from the conditional
distribution p(r | �,Y ). Sequentially sampling from the
two conditional distributions p(� | r,Y ) and p(r | �,Y )

100 gives a Markov chain f�(g), r(g)} whose limiting distribu-
tion is the posterior distribution �(�, r |Y) of interest.
With the draws f�(g), r(g)} from the posterior distribution
in hand, we apply the method described by Chib (1995)
and Chen (2005) to compute the marginal likelihood for

105 each model and obtain the posterior odds ratio. We
assume the two models are equally probable a priori; the
posterior odds ratio is then used to compare the
likelihood of the two models given the Treasury bond
yield data.

110 The most surprising result of our analysis is that the
CIR model is almost 50 000 times more likely than the
Vasicek model. Using the Kass and Raftery (1995) scale,
the evidence is very strongly in favor of CIR. In contrast,
results in the previous literature have been much more

115 ambiguous because they are based on a variety of
goodness-of-fit measures, usually mean square errors as
in Chen and Yang (1995).

The main point of our paper is to show that measures
such as mean square errors may not be powerful enough

120 to detect the true underlying data generation process.
A small Monte Carlo study shows that these results are
not spurious: the MCMC method is able to select the
correct data generation model, whereas goodness-of-fit
measures are virtually indistinguishable regardless of

125 whether the data were generated from Vasicek or CIR.

It is well known that neither model offers a perfect fit
for U.S. Treasury yields. Nevertheless, due in large part to
their analytic tractability, both models are still widely
used. For example, researchers interested in pricing

130contingent claims on real assets, including commodities
and real estate, choose either the single-factor Vasicek or
CIR model for the interest rate so that their analyses
remain manageable. Schwartz (1997) and Cassassus and
Collin-Dufresne (2005) use the single-factor Vasicek

135model for the interest rate in conjunction with Gaussian
models for commodity price processes in their analyses to
price futures and options on various commodities. In the
mortgage literature, Titman and Torous (1989) use the
single-factor CIR model for the instantaneous rate to

140value commercial mortgages. Kau et al. (1992, 1995) also
use the single-factor CIR model for the instantaneous rate
to value fixed-rate mortgages, while Collin-Dufresne and
Harding (1999) use the single-factor Vasicek model to
value fixed-rate residential mortgages.

145We wish to make clear that the dynamics of the term
structure of U.S. Treasury yields are better explained by
more advanced multi-factor models such as the classes of
affine models that have been the focus of much of the
recent empirical work investigated, for example, by Dai

150and Singleton (2000, 2002), Duffee (2002), Bester (2004),
Duffee and Stanton (2004) and Collin-Dufresne et al.
(2009). As the proposed models become more advanced
and more numerous, an important enterprise will be to
find the class of models that the data favor more. This

155paper is simply a first step in this direction. In subsequent
research we hope to extend the analysis and compare the
different classes of three- and four-factor affine models.

The remainder of this article is organized as follows.
In section 2 we review the two models, and describe the

160empirical methodology and the MCMC algorithms in
some detail. In section 3 we discuss the data and present
the results: we find that U.S. Treasury bond yield data
overwhelmingly favor the CIR model over the Vasicek
model. We also explore various goodness-of-fit measures

165for the yield curve and the difficulty these measures have
in distinguishing the two models. In section 4 we provide
robustness checks of our results. Section 5 concludes.

2. Methodology

2.1. Term structure models

170Models of the term structure of interest rates specify a
stochastic process for the instantaneous interest rate r.
Typically, the instantaneous rate is a function rt¼ f(Xt, t)
of one or more state variables X that are assumed to
follow a diffusion process

dXt ¼ �ðXt, tÞdtþ �ðXt, tÞdW: ð1Þ

175Assuming the existence of an equivalent martingale, or
risk-neutral, measure, the price at time t of a zero-coupon
bond that pays $1 at time tþ � is

BðXt, t, �Þ ¼ E�t ½e
�
R tþ�

t
rsds�, ð2Þ

2 W. Keener Hughen et al.
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180 and by the Feynman–Kac Theorem the bond price must

satisfy the partial differential equation

@B

@t
þ
@B

@X
��ðX, tÞ þ

1

2
trace

@2B

@X2
�ðX, tÞ�ðX, tÞ0

� �
¼ f ðX, tÞB,

ð3Þ

where E�t denotes expectation with respect to the risk-

neutral measure conditional on information available at
185 time t, and ��(X, t) denotes the drift of the state variables

in the risk-neutral measure. By Girsanov’s Theorem, the

risk-neutral drift �� is the physical drift � less the risk
premium whose functional form must be specified by the

model.
190 The yield on a bond with maturity � is minus the

natural log of the bond price divided by �:
Yt(�)¼�lnB/�. The term structure of interest rates, or

yield curve, then displays the relationship between the

yields and time to maturity. The instantaneous rate r is
195 the limit of the yield as time to maturity goes to zero;

because bonds of arbitrarily small maturities are not

traded, the instantaneous rate is unobserved.
The term structure can be computed by solving (3) with

boundary condition B¼ 1 for �¼ 0. Given a panel set of
200 zero-coupon bond prices (or yields), this then allows

estimation of the parameters conditional on the state

variables. However, the state variables are typically

unobserved and must themselves be estimated from the

bond price data by filtering or other techniques. For
205 many term structure models, the stochastic differential

equation (1) is very difficult to solve; if the bond price

data is observed at high frequency, then the solution to (1)

may be approximated by the Euler discretization and in
this case the distribution of the state variables at time tþ 1

210 conditional on the state variables at time t is Gaussian.

2.2. The Vasicek and CIR models

Vasicek (1977) first adopted the mean-reverting Gaussian

process to model the evolution of the instantaneous
interest rate. It was one of the first models to allow mean

215 reversion in the interest rate—at high interest rate levels

economic activity would be hampered and equilibrium

forces would tend to pull the rate lower, and conversely at
low interest rate levels equilibrium forces would tend to

pull the rate back higher—a property that has been
220 empirically documented in observed rates.

In particular, the Vasicek model specifies that the
instantaneous interest rate r follows an Ornstein–

Uhlenbeck process:

drt ¼ ð�� �rtÞdtþ �dWt, ð4Þ

225 where �, �, and � are constants. In his original paper,

Vasicek assumes the risk premium is constant, so that the

risk-neutral drift of the instantaneous rate is ����rt. This
is an unnecessary and stringent assumption. Duffee (2002)
and Dai and Singleton (2002) show that the model is

230 much improved under a variety of measures if the risk

premium is allowed to vary over time. We assume the risk

premium is a linear function of rt, so that the risk-neutral
drift of the instantaneous rate is ����� rt.

The price B of a zero-coupon bond satisfies the
235differential equation

@B

@t
þ ð�� � ��rÞ

@B

@r
þ
1

2

@2B

@r2
�2 ¼ rB, ð5Þ

with boundary condition B¼ 1 when �¼ 0. The solution
is of exponential affine form and is well known; the
corresponding formula for the yield is

Ytð�Þ ¼ 	Vð�Þ þ 
Vð�Þrt, ð6Þ

240where


Vð�Þ ¼
1� e��

��

���
, ð7Þ

	Vð�Þ ¼
�2

2��2
�
��

��

� �
ð
Vð�Þ � 1Þ þ

�2�

4��

2Vð�Þ: ð8Þ

245Following common practice, we include an additive
pricing error in the yield formula, so that the observation
equation is

Yt ¼ 	V þ 
Vrt þ �t, t ¼ 1, . . . ,T, ð9Þ

where Yt is the vector of yields at each observation time,
250and �t is normally distributed with zero mean and

homoscedastic variance (uncorrelated across time and
maturity). This pricing error captures some of the possible
misspecification of the Vasicek model; alternatively, it
may represent reporting or measurement error in the

255bond yields.
An undesirable feature of the Vasicek model is that it

implies the instantaneous interest rate and yields are
negative with positive probability. Cox et al. (1985)
develop a model that is internally consistent in which the

260instantaneous interest rate follows a square-root process:

drt ¼ ð�� �rtÞdtþ �
ffiffiffiffi
rt
p

dWt: ð10Þ

Provided the parameters � and � are non-negative and
satisfy 2�� �2, there is a non-negative solution to this
stochastic differential equation. To prevent arbitrage

265opportunities the risk-premium is assumed to be a
constant multiple of rt, so that the price of a zero-
coupon bond satisfies

@B

@t
þ ð�� ��rÞ

@B

@r
þ
1

2

@2B

@r2
�2r ¼ rB, ð11Þ

with boundary condition B¼ 1 when �¼ 0. The solution
270to this differential equation is also of exponential affine

form, and the corresponding formula for the yield is

Ytð�Þ ¼ 	Cð�Þ þ 
Cð�Þrt,

where


Cð�Þ ¼
2ðe�� � 1Þ

�ð�� þ �Þðe�� � 1Þ þ 2��
, ð12Þ

275

	Cð�Þ ¼ �
2��

��2
log

2�eð�
�þ�Þ�=2

ð�� þ �Þðe�� � 1Þ þ 2�

� �
, ð13Þ

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
��2 þ 2�2

p
: ð14Þ
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We again include an additive pricing error, so that the
280 observation equation is

Yt ¼ 	C þ 
Crt þ �t, t ¼ 1, . . . ,T: ð15Þ

In both models, the instantaneous interest rate is an

unobserved state variable that must be estimated along

with the model parameters from the observed bond yield
285 data Y¼fY1, . . . ,YT}. The parameters of each model are

collected in a vector � and consist of the physical measure

drift parameters � and �, the risk-neutral measure drift

parameters �� (for the CIR model, �¼��) and ��, the
volatility parameter �, the variance of the bond yield

290 measurement error �2YI, and the initial instantaneous

interest rate r0.
The bond yield data are observed at discrete times with

frequency, say, Dt. Although the exact transition densities

are known for both the Vasicek and CIR models, we find
295 it more convenient to work with the Euler discretizations

for which the transition densities are Gaussian and the

posterior densities of the physical drift parameters are

also Gaussian. Previous studies have investigated the

error due to discretization and found no discernable error
300 with observation frequencies up to one month (Bester

2004). In this case, both models may be cast in state

space form

rtþ1 ¼ �Dtþ ð1� �DtÞrt þ t,

Yt ¼ 	þ 
rt þ �t,

where t is normal with mean zero and variance either �2

305 for the Vasicek model or �2 rt for the CIR model.

2.3. The Bayes factor

Many of the term structure models are not encompassed

by a general likelihood function that can be used for

classical model comparison. Although there do exist
310 classical-based tests for non-nested models, the classical

approach is not as intellectually appealing as the Bayesian

approach. The classical approach attempts to reject one

model in favor of the other, with the implicit assumption

that one of the models is the ‘true’ model. As a practical
315 matter, this requires the arbitrary designation of one of

the models as the null hypothesis. The Bayesian

approach, on the other hand, simply compares the two

hypotheses given the data.
The Bayesian approach to model comparison is to

320 compute the posterior odds ratio that one model is more

favorable than the other, given the data. The posterior

odds ratio is the ratio of the a posteriori probabilities of

the two models, and measures the degree to which one

model is more likely than the other to have generated
325 the data.

By Bayes Theorem, the a posteriori probability

PðM j Y Þ for each model may be written

PðM j Y Þ ¼
PðY jMÞPðMÞ

PðY jM1ÞPðM1Þ þ PðY jM2ÞPðM2Þ
,

so that the posterior odds ratio is equal to the product of
330the Bayes factor and the prior odds ratio:

PðM1 j Y Þ

PðM2 j Y Þ
¼

PðY jM1Þ

PðY jM2Þ

PðM1Þ

PðM2Þ
: ð16Þ

The Bayes factor,

BF ¼
PðY jM1Þ

PðY jM2Þ
,

is the ratio of the marginal likelihoods. When the two
335models are equally probable a priori, so that

PðM1Þ ¼ PðM2Þ ¼ 0:5, then the Bayes factor is equal to
the posterior odds ratio.

To compute the Bayes factor BF, the marginal likeli-
hood PðY jMÞ must be computed for each of the two

340competing models. If each model has unknown param-
eters � and latent state variables X, the marginal likeli-
hood for each model is

PðY jMÞ ¼

Z
Lð�,X j Y ÞPðX j �ÞPð�ÞdXd�, ð17Þ

where L(�, X |Y) is the likelihood function, P(X | �) is the
345probability density of the state variables given the model

parameter vector �, and P(�) is the prior density of
the parameter vector. Thus the Bayes factor is similar to
the likelihood ratio statistic except the parameters � are
eliminated by integration rather than maximization.

350The integral that defines the marginal likelihood in
equation (17) is typically very complicated and extremely
difficult, if not impossible, to compute analytically. In
general, the difficulty of computing the marginal likeli-
hood is well documented in the statistics literature (see,

355for example, Kass and Raftery (1995), Chib (1995), Chib
and Jeliazkov (2001), Chen (2005)). One problem is that,
for moderate to large sample sizes, the integrand in (17) is
highly peaked around its maximum, and many numerical
methods for estimating the integral have difficulty finding

360the region where the mass is accumulating. This is
especially true for comparisons of interest rate models;
because interest rates are highly persistent a large sample
size is needed to get reliable estimates of the parameters.
Another problem for many interest rate term structure

365models is that the state variables are unobserved and the
parameter vectors are of high dimension, making ordi-
nary Monte Carlo sampling approaches difficult to
implement.

Recently, however, several papers have investigated
370indirect methods for estimating marginal likelihoods

using output from Gibbs sampling and the Metropolis–
Hastings algorithm. In particular, the approach of Chib
(1995) exploits the fact that the log of the marginal
likelihood can be written

logPðY jMÞ ¼ logLð�� j Y Þ þ logPð��Þ � logPð�� j Y Þ,

ð18Þ

375where �� is an arbitrary value of � (generally chosen to be
a point of high posterior density),

Lð�� j Y Þ ¼

Z
Lð��,X j Y ÞPðX j ��ÞdX ð19Þ

4 W. Keener Hughen et al.
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is the parameter likelihood function, P(��) is the prior
380 density, and P(�� |Y) is the posterior ordinate at ��.

The parameter likelihood L(�� |Y) may be computed
using the particle filter method, and the prior density
P(��) is available directly. To estimate the posterior
ordinate P(�� |Y) we follow the method of Chib and

385 Jeliazkov (2001), who show how to estimate P(�� |Y)
using draws f�ð gÞ,Xð gÞgGg¼1 from the posterior distribution
P(�,X |Y). Markov chain Monte Carlo (MCMC) meth-
ods may be used to obtain these draws.

2.4. Markov chain Monte Carlo (MCMC)

390 MCMC generates random samples from the posterior
distribution P(�, X |Y) by sequentially sampling from the
conditional distributions P(X | �,Y ) and P(� |X,Y ),
which are typically easier to characterize than the
higher-dimensional distribution P(�, X |Y). These condi-

395 tional distributions uniquely determine the joint distribu-
tion P(�, X |Y), due to the Clifford–Hammersley theorem
(see Johannes and Polson (2006), for example). The
MCMC algorithm is as follows. First, choose an initial
value for �, �(0); draw X(1)

� P(X | �(0),Y ); draw an
400 updated �, �(1) � P(� |X(1),Y ); repeat for some number G

of iterations. This generates a Markov chain f�ð gÞ,Xð gÞgGg¼1
whose distribution converges, under very mild regularity
conditions, to the target distribution �(�, X |Y).

For the Vasicek model the instantaneous rate follows a
405 homoscedastic Gaussian process and draws from

P(r | �,Y ) may be obtained using the Kalman filtering
recursions. Specifically, the Kalman filter is run to obtain
the moments of P(rt | �, Y1, . . . ,Yt) for t¼ 1, . . . ,T; the
final state rT is sampled from P(rT | �, Y1, . . . ,YT); then

410 each earlier state rt is sampled from P(rt | rtþ1, �,
Y1, . . . ,Yt) recursively. This procedure generates a draw
r1, . . . , rT from

Pðr j �,YÞ ¼ PðrT j �,YÞ
YT�1
t¼1

Pðrt j rtþ1, �,Y1, . . . ,YtÞ

in a single block. This procedure is described in detail by
415 Carter and Kohn (1994).

For the CIR model, since the interest rate r appears in
the conditional variance of the interest rate evolution, the
Kalman filter does not apply and we use a Metropolis–
Hastings step to sample from P(r | �,Y ). Since r is a first-

420 order Markov process, by the law of total probability the
conditional density for the time t short rate rt, given
the short rate at all the other times, the parameters, and
the data, is

Pðrt j �,Y, short rate at all other timesÞ

/ PðYt j rt, �ÞPðrt j rt�1, �ÞPðrtþ1 j rt, �Þ: ð20Þ

425 The Metropolis–Hastings algorithm consists of specifying
a proposal density q from which a candidate r̂t for rt is
drawn; this candidate is accepted with probability
given by

min
Pðr̂t j �,Y, rate at all other timesÞqðr

ðgÞ
t j r̂tÞ

Pðr
ðgÞ
t j �,Y, rate at all other timesÞqðr̂t j r

ðgÞ
t Þ

,1

 !
,

ð21Þ

430where r
ð gÞ
t is the previously accepted draw of rt. We use

random-walk Metropolis–Hastings, and draw the candi-

date from a symmetric fat-tailed proposal distribution q

with mean r
ð gÞ
t . The particular fat-tailed distribution we

use is a generalization of Tukey’s lambda distribution as
435developed by Dudewicz et al. (1979), for which the

variance is chosen so that the acceptance rate is around

40% as recommended by Johannes and Polson (2006) and

Chib and Greenberg (1995). If a draw r̂t is negative, it is

simply discarded and a new candidate is drawn. Because
440the proposal density q is symmetric in this case, q drops

out of the quotient in (21) and the candidate is accepted

with probability

min
PðYt j r̂t, �ÞPðr̂t j rt�1, �ÞPðrtþ1 j r̂t, �Þ

PðYt j r
ð gÞ
t , �ÞPðrð gÞt j rt�1, �ÞPðrtþ1 j r

ð gÞ
t , �Þ

, 1

 !
:

ð22Þ

This generates a short rate series that is correlated across
445time since the probability that the candidate is accepted

depends on the previously accepted short rate at times

t� 1 and tþ 1.
To obtain draws from P(� | r,Y ), we use the Gibbs

sampler and the Metropolis–Hastings algorithm. It is not
450possible to directly sample from P(� | r,Y ), but the

Clifford–Hammersley theorem may again be applied to

show that this conditional distribution is uniquely char-

acterized by the set of conditional distributions of each

element, or block of elements, of �. We decompose the
455parameter vector � into four blocks: (�, �, ��), (�2, ��),

�2Y, and r0. An outline of the procedure to draw from the

conditional distribution for each block is given below.
The conditional density Pð�, �,�� j �2, ��, �2Y, r0, r,YÞ

of the drift parameters (�, �, ��) is proportional to the
460product

Pð�, �,�� j �2, ��, �2Y, r0, r,YÞ

/ Pð�, �,��ÞPðr j �, �, �2, r0ÞPðY j �
�, ��, �2, �2Y, rÞ:

P(r |�, �, �2,r0) is the product of the interest rate

transition densities P(rt |�, �, �2,rt�1); with the discretized

version of each model, these transition densities are
465Gaussian and their means are linear functions of � and �

and therefore P(r |�, �, �2, r0) is a Gaussian density

function of these two parameters. Similarly, because ��

appears linearly in the yield formula, the likelihood

function PðY j ��, ��, �2, �2Y, rÞ is a Gaussian density
470function of ��. With a Gaussian prior for (�, �, ��) the

conditional density Pð�, �,�� j �2, ��, �2Y, r0, r,YÞ is also

Gaussian and these parameters are updated by drawing

from a normal distribution.
The conditional density Pð�2, �� j �, �,��, �2Y, r0, r,YÞ

475of the volatility parameter �2 and the risk-neutral drift

parameter �� is proportional to the product

Pð�2, �� j �, �,��, �2Y, r0, r,YÞ

/ Pð�2, ��ÞPðr j �, �, �2, r0ÞPðY j �
�, ��, �2, �2Y, rÞ:

The instantaneous variance of the interest rate is propor-

tional to �2 in either model and thus the interest rate

The use of Bayes factors to compare interest 5
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480 probability density P(r |�, �, �2, r0) is proportional to an
Inverse Gamma density function of �2. We assume the
prior P(�2, ��)¼P(�2)P(��) is Inverse Gamma for �2 and
Gaussian for ��. The product P(�2) P(r |�, �, �2, r0) is
then Inverse Gamma in �2; however, the posterior density

485 is not recognizable. We therefore use a Metropolis–
Hastings step and first draw a candidate �̂2 from the
Inverse Gamma density P(�2) P(r |�, �, �2, r0) and then a
candidate �̂� from the student-t density with mean mð�̂2Þ
and variance Vð�̂2Þ given by

mð�̂2Þ ¼ argmax
��

logPðY j ��, ��, �̂2, �2Y, rÞ,

Vð�̂2Þ ¼ �
@2 logPðY j ��, ��, �̂2, �2Y, rÞ

@�� 2

� ��1�����
��¼m

:

490 The candidate ð�̂2, �̂�Þ is accepted with probability

min
PðY j ��, �̂�, �̂2, �2Y, rÞPð�̂

�Þ

PðY j ��, ��, �2, �2Y, rÞPð�
�Þ

Stð��;mð�2Þ,Vð�2ÞÞ

Stð�̂�;mð�̂2Þ,Vð�̂2ÞÞ
, 1

� �
:

This is a combination of independence Metropolis–
Hastings and the ‘tailored’ Metropolis–Hastings steps as

495 described by Chib and Greenberg (1995).
The variance of the pricing error �2Y appears in the yield

formula only. The conditional density for �2Y is propor-
tional to the product of the prior and the yield probability
density, which is an Inverse Gamma density function

500 of �2Y. We follow Chib and Ergashev (2009) and assume a
flat prior for �2Y, so that this parameter is updated by
drawing from an Inverse Gamma distribution.

The conditional density of the initial interest rate r0 is
proportional to the product of the prior and the transition

505 density P(r1 | r0, �, �, �
2). For the Vasicek model the

transition density is a Gaussian density function of r0, but
for the CIR model the transitional density is not a
recognizable density function of r0. We assume a
Gaussian prior for r0, so that this parameter may be

510 drawn from a normal distribution for the Vasicek model.
We use random-walk Metropolis for the CIR model.

The techniques we use to compute the Bayes factor
require that the priors for the parameters be proper
distributions. We have therefore chosen proper priors for

515 all the parameters. Furthermore, consistent with the work
of Chib and Ergashev (2009), we impose four additional
requirements. First, the yield curve implied by the priors
should be upward sloping on average. Second, the
instantaneous rate should be highly persistent—a well-

520 known characteristic. Third, the priors are chosen in such
a way that the means are near the values of previous
empirical results so that this information is included.
Fourth, we ensure the priors are relatively diffuse so that
the data have sufficient influence on the posterior

525 distribution.
In general, Markov chains generated by Metropolis–

Hastings algorithms (including the Gibbs sampler) have
special properties which allow convergence conditions to
be verified readily. A sufficient condition is that the

530 proposal distributions each has positive density on the
same support as the corresponding target distribution.
This condition is satisfied for our Metropolis–Hastings

algorithms described above, and therefore the resulting
Markov chain f�ð gÞ, rð gÞgGg¼1 has equilibrium distribution

535equal to the target distribution P(�, r |Y).
An important practical problem is the determination of

the number of iterations to run. MCMC algorithms
generate dependent samples and therefore convergence
may be difficult to formally diagnose from the realized

540output of the chain, even though the theory is clear that
the chains converge. We follow common practice and
analyse the correlation structure of draws by computing
the autocorrelation function, although it is possible for
non-convergent chains to have low autocorrelation.

545Nevertheless, this should provide some evidence of
convergence. We also test for convergence by analysing
MCMC output from simulated data. A minimum
requirement is that the first moments (i.e. the sample
means) converge to their true values (used to generate the

550simulated data). Furthermore, we verify that the Bayes
factor estimate does favor the correct model on our
simulated data sets.

3. Results

3.1. Data

555The data are month-end yields on zero-coupon U.S.
Treasury bonds. They are obtained from the Center for
Research in Security Prices (CRSP), in the Fama–Bliss
files. Specifically, we use the three-month rate in the Fama
Risk-free Rates File, and the one-year and five-year yields

560in the Fama–Bliss Discount Bond File. The sample period
is June 1964 to December 2005, which contains 499
monthly observations.

3.2. Prior specification

For the various parameter blocks, we used the following
565specification.

. � and � are normally distributed with means
0.01 and 0.1, respectively. The variances are set
at 0.001 and 0.005, respectively, for both
models. This specification is applied also to

570the risk-neutral parameters �� and ��.
. �2 is distributed Inverse Gamma, with mean

0.0004 and variance 0.001 for the Vasicek
model, and mean 0.004 and variance 0.001 for
the CIR model.

575. As in Chib and Ergashev (2009), we assume flat
priors on the measurement errors.

We took 10 000 draws of the parameters, and then
simulated three interest rate time series and three panel
sets of yields for each model, according to the

5805-percentile, 50-percentile, and 95-percentile. For exam-
ple, the first panel set is at time series of yields (for t¼ 1 to
500 months, in line with our actual data) with eight
maturities: 1 month, 3 months, 6 months, 1 year, 2 years,
3 years, 4 years, and 5 years, corresponding to the fifth

585percentile of the parameter draws. These are averaged

6 W. Keener Hughen et al.
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over the time dimension to generate three yield curves for
each model. The results, listed in table 1, are consistent
with our requirements: first, a positively sloped yield
curve; second, a high degree of variability; and third, the

590 instantaneous interest rate is highly persistent, and has
‘volatility’ around 2%.

A negative aspect of this prior specification is that some
yields may be negative even with the CIR model. Recall
that unless the Feller condition �4�2/2 holds, there is no

595 guarantee that the interest rate process will stay positive.
Since � is normally distributed, the draws near the left tail
will be below �2/2 (and in fact may be negative). This
problem was noted also by Chib and Ergashev (2009)
even with a much more sophisticated interest rate model.

600 3.3. Bayesian analysis

For each model a Markov chain was generated of length
125 000 and the first 25 000 draws were discarded to
negate the effects of initial conditions. To address
concerns that the posterior draws are too highly

605 autocorrelated, only one out of every five iterations of
the chain were saved, leaving 20 000 draws from the
posterior distribution. The first-order autocorrelations of
the physical drift parameters, �2 and �2Y, are all less than
0.25 and fall to less than 0.01 for the fifth-order

610 autocorrelation. Although the first-order autocorrelations
of the risk-neutral drift parameters are not trivial (about
0.7 for �� and 0.6 for �� for both models), the second-
order autocorrelations are less than 0.1 and the

tenth-order autocorrelations are all less than 0.02.
615In fact, the inefficiency factor for each of the parameters

(Chib and Ergashev 2009),

1þ 2
X500
k¼1

1�
k

500

� �
�ðkÞ, ð23Þ

where �(k) is the autocorrelation at lag k of the MCMC

draws of that parameter, is less than 6.0 for every
620parameter.

Table 2 lists descriptive statistics on the posterior draws

for the parameters: the means, standard deviations, and

5- and 95-percentiles. The point estimates are mostly

consistent with previous findings. Table 3 provides a
625summary of parameter estimates from some earlier

studies. These studies include Chan, Karolyi, Longstaff,

and Sanders (CKLS 1992), Chen and Yang (1995), de

Jong and Santa-Clara (1999), de Jong (2000), and Duffee

and Stanton (2004). CKLS (1992) and Chen and Yang
630(1995) use proxies for the short rate, whereas the other

three studies use panel data and treat the short rate as an

unobserved state variable. The sample periods, observa-

tion frequencies, and estimation methods vary across

these studies.
635We see from table 2 that the risk-neutral drift param-

eters are estimated with much greater precision than the

drift parameters in the physical measure. There are two

reasons for this. First, since the short rate is not observed

and must be filtered, the physical drift parameters are
640estimated using filtered estimates of the short rate. This is

Table 2. Descriptive statistics based on the posterior draws for the parameters for the two models using U.S. Treasury
bond yield data.

Vasicek CIR

Parameter Mean St. dev. 5% 95% Mean St. dev. 5% 95%

� 0.0108 0.0041 0.0042 0.0176 0.0095 0.0004 0.0089 0.0101
� 0.1786 0.0550 0.0884 0.2703 0.1658 0.0330 0.1116 0.2205
�2� 103 0.2501 0.0222 0.2152 0.2884 3.4428 0.2977 2.9771 3.9588
�� 0.0090 0.0003 0.0085 0.0096 0.0095 0.0004 0.0089 0.0101
�� 0.0685 0.0047 0.0609 0.0763 0.0747 0.0048 0.0669 0.0826
�2Y � 104 0.3144 0.0129 0.2938 0.3360 0.4046 0.0171 0.3771 0.4331
r0 0.0316 0.0054 0.0226 0.0406 0.0311 0.0038 0.0252 0.0377

Table 1. Descriptive statistics based on the prior draws for the parameters for the two models. The slope of the term structure is
measured as the difference between the 5-year and 3-month yields and is based on 10 000 draws of the parameters. For each draw,

the yield curves are simulated then averaged over the entire period of 480 months.

Vasicek CIR

Parameter Mean St. dev. 5% 95% Mean St. dev. 5% 95%

� 0.0100 0.0316 �0.0420 0.0620 0.0100 0.0316 �0.0420 0.0620
� 0.2000 0.0707 0.0837 0.3163 0.2000 0.0707 0.0837 0.3163
�2� 103 0.4846 0.8833 0.1038 1.3386 5.1686 10.2387 1.1034 14.0287
�� 0.0100 0.0316 �0.0420 0.0620 0.0100 0.0316 �0.0420 0.0620
�� 0.0500 0.0707 �0.0663 0.1663 0.0500 0.0707 �0.0663 0.1663
Slope 0.0112 0.0747 �0.1098 0.1345 0.0475 0.0524 �0.0017 0.1428

The use of Bayes factors to compare interest 7
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a problem with any asset pricing model that uses latent

state variables. For example, Schwartz (1997) estimates

several latent state variable, Gaussian models of com-

modity prices using futures data and reports standard
645 errors of five to 10 times greater for the physical drift

parameters than for the risk-neutral drift parameters. The

second reason for the imprecise estimates of the physical

drift parameters is that interest rates are highly persistent;

even if the short rate were observable, larger data sets
650 than are currently available would be required to estimate

these parameters with much greater precision.
Plots of the implied short rate series are shown in

figure 1. For each model, the 20 000 draws of the short

rate time series are averaged to obtain the point estimates
655 of the plotted implied short rate series. The two implied

short rate series are virtually indistinguishable; they differ

by at most 50 or so basis points, while most of the time

they only differ by less than 10 basis points. On average,

at each observation time the two implied short rate series
660 differ in magnitude by about five basis points.

We estimate the marginal likelihood PðY jMÞ for each

model following the method of Chib (1995) and Chib and

Jeliazkov (2001) as outlined in section 2.3. We write the

log marginal likelihood as the sum

logPðY jMÞ ¼ logLð�� j Y Þ þ logPð��Þ � logPð�� j Y Þ:

ð24Þ

665 We use the particle filter method to estimate the param-

eter likelihood

Lð�� j Y Þ ¼ PðY1 j �
�Þ
YT
t¼2

PðYt j Y1, . . . ,Yt�1, �
�Þ ð25Þ

as follows. Given a random sample fr
ðmÞ
t�1g

M
m¼1 from

670 P(rt�1 |Y1, . . . ,Yt�1, �
�), sample r̂

ðmÞ
t from the transition

density Pðrt j r
ðmÞ
t�1, �

�Þ and estimate P(Yt |Y1, . . . ,Yt�1, �
�)

as the Monte Carlo average,

PðYt j Y1, . . . ,Yt�1, �
�Þ �

1

M

XM
m¼1

PðYt j r̂
ðmÞ
t , ��Þ: ð26Þ

The initial sample fr
ðmÞ
0 g is drawn from the prior P(r0 | ��).

675The subsequent samples fr
ðmÞ
t g � Pðrt j Y1, . . . ,Yt, �

�Þ for

t� 1 are then obtained recursively. For the Vasicek

model, the sample fr
ðmÞ
t g may be obtained using the

standard Kalman filter recursions, which compute the

mean and variance of the normally distributed

680(rt |Y1, . . . ,Yt, �
�). For the CIR model, we employ the

auxiliary particle filter as described by Pitt and Shephard

(1999) and Chib et al. (2002): Given fr
ðmÞ
t�1g �

Pðrt�1 j Y1, . . . ,Yt�1, �
�Þ, first calculate r̂

�ðmÞ
t ¼

�Dtþ ð1� �DtÞrðmÞt�1 and wm ¼ PðYt j r̂
�ðmÞ
t , ��Þ. Then

685sample R times the integers 1, 2, . . . ,M with probability

proportional to fwm}, and let the sampled indexes be

k1, . . . , kR and associate these with r̂
�ðk1Þ
t , . . . , r̂

�ðkRÞ
t . Next,

for each value of kj, simulate r
�ð j Þ
t � Pðrt j r

ðkj Þ
t�1, �

�Þ for

j¼ 1, . . . ,R. Finally, re-sample fr
�ð1Þ
t , . . . , r

�ðRÞ
t g M times

690with probabilities proportional to the ratio

PðYt j r
�ð j Þ
t , ��Þ=PðYt j r̂

�ðkj Þ
t , ��Þ for j¼ 1, . . . ,R to produce

the filtered sample fr
ð1Þ
t , . . . , r

ðMÞ
t g from (rt |Y1, . . . ,Yt, �

�).

Table 3. Summary of parameter estimates from earlier studies.

Study Model � � �2 �� ��

CKLS Vasicek 0.0154 0.1779 0.0004
CIR 0.0189 0.2339 0.0073

Chen and Yang Vasicek 0.0159 0.2456 0.00083 0.2877 0.2456
CIR 0.0159 0.2456 0.02247 0.0159 0.1166

deJong and Santa-Clara Vasicek 0.0082 0.1191 0.00014 0.1021 0.1191
CIR 0.0122 0.1862 0.00231 0.0122 0.1120

Duffee and Stanton Vasicek 0.0134 0.205 0.00031 0.0084 0.065
CIR 0.0075 0.131 0.0064 0.0075 0.063

deJong Vasicek 0.0016 0.0222 0.00020 0.0029 0.0222
CIR 0.0025 0.0429 0.00217 0.0025 0.0116

Ours Vasicek 0.0108 0.1786 0.00025 0.0090 0.0685
CIR 0.0095 0.1658 0.00344 0.0095 0.0747

Ours, using proxy for r Vasicek 0.0140 0.2323 0.00039 0.0108 0.0887
CIR 0.0102 0.1681 0.00418 0.0102 0.0824

1970 1980 1990 2000
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

Date

CIR
Vasicek

Figure 1. Model implied short rates. The 20 000 draws of the
short rate time series for each model are averaged to obtain the
implied short rate series.
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The results, using M¼ 20 000, are

logLð�� j Y ÞVAS ¼ 5305:3,

logLð�� j Y ÞCIR ¼ 5356:5:

695 The prior density P(��) is available directly using the

priors specified in section 3.2. The results are

logPð��ÞVAS ¼ 16:1,

logPð��ÞCIR ¼ 10:8:

To estimate the posterior ordinate P(�� |Y) we follow the

method of Chib and Jeliazkov (2001) and decompose the
700 posterior ordinate as

Pð�� j Y Þ ¼ Pð��1 j Y ÞPð�
�
2 j Y, �

�
1ÞPð�

�
3 j Y, �

�
1, �
�
2Þ, ð27Þ

where �1¼ (�2, ��), �2¼ (�, �, ��), and �3 ¼ �
2
Y. With our

MCMC procedure above, the full conditional densities of

�2 and �3 are known and �1 is drawn using Metropolis–
705 Hastings. Let 	ð�1, �

�
1 j Y, r, �2, �3Þ denote the probability

of a move for �1 in the Metropolis–Hastings step and let

qð�1, �
�
1 j Y, r, �2, �3Þ denote the proposal density. It may

be shown (Chib and Jeliazkov 2001) that

Pð��1 j Y Þ �

PG
g¼1 	ð�

ð gÞ
1 , ��1 j Y, r

ð gÞ, �ð gÞ2 , �ð gÞ3 Þ

�qð�ð gÞ1 , ��1 j Y, r
ð gÞ, �ð gÞ2 , �ð gÞ3 Þ

( )
PG

k¼1 	ð�
�
1, �
ðkÞ
1 j Y, r

ðkÞ, �ðkÞ2 , �ðkÞ3 Þ
,

710 where the parameter draws used in the numerator are

from the full MCMC run. For the denominator, the

draws ðrðkÞ, �ðkÞ2 , �ðkÞ3 Þ are from a reduced MCMC run in

which �1 is first fixed at ��1 and then for each k a variate

�ðkÞ1 is drawn from qð��1, �1 j Y, r
ðkÞ, �ðkÞ2 , �ðkÞ3 Þ. The reduced

715 conditional ordinate Pð��2 j Y, �
�
1Þ may be expressed as

Pð��2 j Y, �
�
1Þ ¼

Z
Pð��2 j Y, r, �

�
1, �3ÞPð�3, r j Y, �

�
1Þd�3dr,

�
1

G

XG
k¼1

Pð��2 j Y, r
ðkÞ, ��1, �

ðkÞ
3 Þ,

the average of Gaussian densities, using the draws from

the reduced run in the previous calculation. Similarly, the

reduced conditional ordinate Pð��3 j Y, �
�
1, �
�
2Þ may be

720 estimated as the average of Inverse Gamma densities

Pð��3 j Y, �
�
1, �
�
2Þ �

1

G

XG
j¼1

Pð��3 j Y, r
ð j Þ, ��1, �

�
2Þ,

using draws from a final reduced run fixing �1 at �
�
1 and �2

at ��2. The results are

logPð�� j Y ÞVAS ¼ 41:3,

logPð�� j Y ÞCIR ¼ 23:8:

725 Our estimate of the log Bayes factor is therefore

logcBF ¼ �18:4: ð28Þ

The numerical standard error is an estimate of the

variance of the marginal likelihood estimate and gives

the variation that can be expected if the simulation were
730 to be repeated. For each of the two models, the variance

of the log parameter likelihood may be estimated as

follows. Using equations (25) and (26), the log parameter

likelihood is estimated as

log L̂ð�� j Y Þ ¼
XT
t¼1

log P̂ðYt j Y1, . . . ,Yt�1, �
�Þ,

735where

P̂ðYt j Y1, . . . ,Yt�1, �
�Þ ¼

1

M

XM
m¼1

PðYt j r̂
ðmÞ
t , ��Þ:

We use the Delta method to estimate the variance of the

log parameter likelihood:

varðlog L̂ð�� j Y ÞÞ � v0varðP̂Þv, ð29Þ

740where P̂ is the T-vector whose tth component P̂t is

P̂ðYt j Y1, . . . ,Yt�1, �
�Þ, v is the T-vector whose tth com-

ponent is the reciprocal of P̂t, and varðP̂Þ is given by the

Newey–West (1987) estimate of the variance of P̂ using a

lag length of 20. The results are

varðlog L̂ð�� j Y ÞÞVAS ¼ 1:46,

varðlog L̂ð�� j Y ÞÞCIR ¼ 0:51:

745Similarly, an estimate of the variance of the log posterior

ordinate for each model may be obtained using the Delta

method (see Chib and Jeliazkov (2001) for details). The

results are

varðlog P̂ð�� j Y ÞÞVAS ¼ 3:26� 10�4,

varðlog P̂ð�� j Y ÞÞCIR ¼ 17:76� 10�4;

750for each model, the variance of the log posterior ordinate

is negligible compared with the variance of the log

parameter likelihood. Therefore, the variance of the

estimate of the log Bayes factor is approximately

varðlogcBFÞ � 1:46þ 0:51 ¼ 1:97,

755and the t-statistic for the estimate of the log of the Bayes

factor is

t ¼
�18:4ffiffiffiffiffiffiffiffiffi
1:97
p ¼ �13:1:

In other words, the CIR model is almost 50 000 times

760more likely than the Vasicek model to have generated

U.S. Treasury bond yield data, and according to the scale

of Kass and Raftery (1995), this is evidence very strongly

in favor of the CIR model over the Vasicek model.

3.4. Classical goodness-of-fit analysis

765Previous research that compares the performances of the

Vasicek and CIR models has primarily relied on various

measures of goodness of fit. Below we examine the

various measures of each model’s goodness of fit of the

yield curve. Specifically, we compare each model’s bias
770and root mean squared error (RMSE) of the model

implied yield curve with the actual yield curve.
The bias bt is defined as the difference between the

actual yield Yt and the model implied yield Ŷt¼ 	þ 
rt,
where 	 and 
 are given by (7) and (8) for the Vasicek

The use of Bayes factors to compare interest 9
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775 model and (12)–(14) for the CIR model:

bias: bt ¼ Yt � Ŷt:

The point estimates in table 2 are used to compute 	 and 

and the short rate series r is the average of the 20 000

draws from the posterior distribution for each model. For
780 each bond yield n (n¼ 3 months, 1 year, 5 years), the

sample mean of the bias �bðnÞ ¼ ð1=TÞ
P

btðnÞ is reported

in table 4. We also report Newey–West (1987) standard

errors, and compute t-statistics to test the hypothesis that

the mean bias is zero. The standard errors are calculated
785 using a lag length of 20. If a reported mean bias is

different from zero with a 5% statistical significance, that

value is marked with an asterisk.
We also report in table 4 the root mean squared error

(RMSE) for each yield for each of the two models. The
790 RMSE is the square root of the sample mean of the

squared bias:

RMSEðnÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

T

XT
t¼1

b2t ðnÞ

vuut :

These results reveal that there is very little difference in

yield curve fit for the two models with respect to bias and

795 RMSE. On average, both models overestimate the 1-year

bonds and underestimate the 3-month and 5-year bonds

with nearly the same errors. While the mean bias is

significant for the 3-month and the 1-year yields, from an

economic point of view these findings do not suggest
800 gross miss-pricing: the largest average bias is only 13.1

basis points. Interestingly, the RMSE for each model is

lower for the 1-year bond than for the other two bonds,

while the bias is largest for the 1-year bond for both

models. The RMSEs for the two models are identical for
805 the 3-month and 1-year bonds, and differ by less than one

basis point for the 5-year bond.
To statistically compare the RMSEs for the two

models, we follow Diebold and Mariano (1995). We

compute t-statistics for the difference in squared bias
810 b2V,t � b2C,t; a significantly positive mean indicates the

superiority of the CIR model over the Vasicek model with

respect to the RMSE fit. Standard errors are again

computed using the method of Newey–West (1987) with
lag length of 20. The resulting t-statistics for the three

815 bonds imply no significant difference; the respective
values are� 0.52, 0.05, and� 0.47. These findings suggest
that the RMSE does not have sufficient power to
distinguish between the two models.

4. Robustness checks

820 The results in the previous section are consistent with
earlier research that suggests that there is no clear
consensus on which model is more likely to have
generated Treasury bond data. In light of such long
historical evidence, our finding (28) that the CIR model is

825 much more likely than the Vasicek model may seem quite
remarkable! In this section we examine the robustness of
this result to potential problems arising from (1) the
MCMC method and (2) the prior specification; we also
(3) repeat the analysis using a proxy for the instantaneous

830rate.

4.1. Monte Carlo analysis

We use a Monte Carlo study to examine the robustness of
our MCMC methods. For each model, we simulate
40 years of monthly interest rates and bond yield data

835using the point estimates of the parameters from table 2.
Specifically, for the Vasicek model we use

drt ¼ ð0:0108� 0:1768rtÞdtþ 0:0158 dWt, ð30Þ

and the point estimates ��¼ 0.0090, ��¼ 0.0685,
�2Y ¼ 0:4� 10�4, and r0¼ 0.03 to generate 480 monthly

840observations of the short rate series frt} and the yield data
fYt} according to (7)–(6). For the CIR model, we use

drt ¼ ð0:0095� 0:1658rtÞdtþ 0:0587
ffiffiffiffi
rt
p

dWt, ð31Þ

along with point estimates ��¼ 0.0095, ��¼ 0.0747,
�2Y ¼ 0:4� 10�4, and r0¼ 0.03 to generate the data

845according to (12)–(15). We repeat this procedure nine
additional times, for a total of 20 simulated data sets.

For each of the simulated data sets, we treat the time
series of yields Yt as the observed data and repeat the
analyses from the previous two sections. Clearly, one

850would expect the Bayes factor to be strongly in favor of
the model that generated the data; in contrast, the root
mean square should be of similar magnitude regardless of
the data-generating model. The results are summarized in
tables 5 and 6. In table 5 we report the averages over the

85510 Vasicek data sets of the descriptive statistics of the
MCMC results, and in table 6 we report the averages over
the 10 CIR data sets. We observe that the average point
estimates are all very close to their actual values.
As expected, the risk-neutral parameters are estimated

860with greater precision than the physical measure
parameters.

The average root mean squared errors for the two
models using the Vasicek data sets are 0.0058, 0.0060, and
0.0059 for the three bonds, respectively, for the Vasicek

865model, and 0.0059, 0.0061, and 0.0060 for the CIR model.

Table 4. Goodness-of-fit measures for the yield curve. The
mean bias �b is the average bias in the fitted yields to the actual
yields. Numbers in parentheses are Newey–West standard errors
computed using a lag length of 20. We also report t-statistics for
the difference in squared bias b2V,t � b2C,t. For each bond yield n,
the root mean squared error (RMSE) is the square root of the

average squared bias: RMSEðnÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=TÞ

PT
t¼1ðYtðnÞ � ŶtðnÞÞ

2
q

:

�bVAS
�bCIR t-Statistic RMSEVAS RMSECIR

3-Month �0.00109� �0.00110� �0.52 0.00500 0.00500
(0.0008) (0.0008)

1-Year 0.00131� 0.00126� 0.05 0.00327 0.00327
(0.0004) (0.0004)

5-Year �0.00023 �0.00040 �0.47 0.00639 0.00645
(0.0013) (0.0014)

10 W. Keener Hughen et al.
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Similarly, using the CIR data sets, the root mean squared
errors on average are 0.0059, 0.0061, and 0.0059 for the
Vasicek model and 0.0060, 0.0061, and 0.0060 for the CIR
model. Thus, for each data set the RMSEs of the two

870 models are virtually indistinguishable, differing at most
by only 1 or 2 basis points.

The Bayesian test result is unequivocal: on average, the
log of the Bayes factor for the simulated Vasicek data is
35.2. The actual values range from 12.9 to 55.6, thus

875 without exception the Bayesian methodology picks the
right data-generating model. Similarly, for the CIR data
the log of the Bayes factor is� 17.4, on average. The
actual values range from� 39.2 to� 8.2. These results
confirm our empirical findings concerning the interest

880 rate model being consistent with the bond yield data.
Perhaps a more important conclusion is that Bayesian
methods offer a more powerful tool for model selection.

4.2. Choice of priors

Our choice of priors was motivated by economic consid-
885 erations related to the typical shape of the yield curve and

the dynamic behavior of the short rate. We were careful
also to specify diffuse priors. Nevertheless, to rule out the
possibility that our major result is a simple consequence
of our prior specification we repeat the analysis with a less

890informative prior. Specifically, first we multiply the prior
variance of each parameter by a factor of 10, and second
we use flat priors on all parameters.

The results, displayed in table 7, reveal that our
findings are very robust to the choice of priors. Without

895exception, the parameter estimates for the two models fall
within the confidence intervals reported in table 2. The
root mean square errors for all three yields are also
virtually indistinguishable. Last, the Bayes factors of
�17.4 and �18.8 are within one standard error of our

900original estimate.

4.3. Short rate proxy approach

Many of the previous studies that compare the two
models, including some of those mentioned in the
introduction, use a short maturity yield as a proxy for

905the unobserved instantaneous interest rate. To better

Table 5. Monte Carlo statistics for 10 data sets generated with the Vasicek interest rate model.

Vasicek CIR

Mean St. dev. 5% 95% Mean St. dev. 5% 95%

Panel A: True parameter values
�¼ 0.0108 0.0129 0.0050 0.0047 0.0210 0.0087 0.0005 0.0079 0.0095
�¼ 0.1768 0.2414 0.0825 0.1060 0.3773 0.1605 0.0484 0.0809 0.2401
�2� 103¼ 0.2561 0.2650 0.0172 0.2380 0.2945 5.8999 0.3820 5.304 6.5529
��¼ 0.0090 0.0091 0.0004 0.0084 0.0097 0.0087 0.0005 0.0079 0.0095
��¼ 0.0685 0.0690 0.0066 0.0582 0.0801 0.0608 0.0079 0.0481 0.0739
�2Y � 104 ¼ 0:4 0.3976 0.0126 0.3674 0.4290 0.5314 0.0199 0.4996 0.5649
r0¼ 0.03 0.0273 0.0056 0.0195 0.0354 0.0248 0.0041 0.0167 0.0301
Panel B: RMSE
3 Months 0.0058 0.0059
1 Year 0.0060 0.0061
5 Years 0.0059 0.0060
Panel C: Bayes factor 35.2

Table 6. Monte Carlo statistics for 10 data sets generated with the CIR interest rate model.

Vasicek CIR

Mean St. dev. 5% 95% Mean St. dev. 5% 95%

Panel A: True parameter values
�¼ 0.0095 0.0126 0.0043 0.0055 0.0198 0.0095 0.0005 0.0086 0.0103
�¼ 0.1658 0.2300 0.0704 0.1144 0.3454 0.1785 0.0368 0.1188 0.2386
�2� 103¼ 3.4428 0.1972 0.0128 0.1772 0.2191 3.2991 0.2139 2.9645 3.6677
��¼ 0.0095 0.0097 0.0005 0.0089 0.0105 0.0095 0.0005 0.0086 0.0103
��¼ 0.0747 0.0778 0.0077 0.0651 0.0905 0.0741 0.0085 0.0603 0.0881
�2Y � 104 ¼ 0:4 0.3792 0.0182 0.3595 0.4109 0.5093 0.0172 0.4817 0.5382
r0¼ 0.03 0.0281 0.0052 0.0148 0.0401 0.0278 0.0037 0.0219 0.0341
Panel B: RMSE
3 Months 0.0059 0.0060
1 Year 0.0061 0.0061
5 Years 0.0059 0.0060
Panel C: Bayes factor �17.4

The use of Bayes factors to compare interest 11
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compare our findings with the findings of these ear-
lier studies, we repeat our analyses using the three-month
yield as a proxy for the instantaneous rate.

We set r equal to the three-month yield and let ~Y denote
910 the one- and five-year yields, so that Y ¼ fr, ~Yg. The

parameter likelihood function,

Lð�� j Y Þ ¼ Pðr j ��ÞPð ~Y j ��, rÞ,

is now a product of Gaussian densities and may be
computed directly. The posterior ordinate P(�� |Y) is also

915 simpler to compute. Because r is observed, Pð��1 j Y Þ and
Pð��2 j �

�
1,YÞ are estimated using the MCMC output with

r fixed; furthermore, Pð��3 j �
�
2, �
�
1,YÞ may be computed

directly.
The point estimates from the MCMC output are given

920 in table 3. For the parameters in the physical measure, the
estimates are closer to those of CKLS (1992) and Chen
and Yang (1995). The RMSEs for the 1- and 5-year yields
are 0.00469 and 0.01000, respectively, for the Vasicek
model, and 0.00470 and 0.01000, respectively, for the CIR

925 model. For each of the two yields, the RMSEs again have
very similar values across the two models and are virtually
indistinguishable. The Bayes factor, however, is very
much in favor of the CIR model:

logcBF ¼ �126:2,
930 with an estimated standard error of 0.02. We again

interpret this result as evidence that the RMSE is not a
sufficiently refined measure to distinguish the two models.

5. Conclusion

This paper adds to the growing literature that uses
935 Bayesian methods to estimate dynamic term structure

models. In particular, we use MCMC methods to estimate
the Vasicek and CIR models from U.S. Treasury bond
yield data. We then demonstrate, and this is our main
contribution, how to use the MCMC output to compare

940 the two models by computing the Bayes factor. We find

that Treasury yield data very strongly favor the CIR
model over the Vasicek model.

As argued by Johannes and Polson (2006), MCMC
methods are particularly well-suited for term structure

945 model calibration and offer several potential advantages
over more traditional methods. One advantage is that
MCMC directly computes the distribution of the latent
variables and parameters given the observed data and
does not rely on applying approximate filters or noisy

950 latent variable proxies. Another advantage is that
MCMC is based on conditional simulation, therefore
avoiding any optimization or unconditional simulation.
A third advantage is that it does not rely on asymptotic
analyses and is therefore more immune to small sample

955 biases. Yet another major advantage is that MCMC
output may be used to compute the Bayes factor, an
attractive alternative to classical- or frequentist-based
tests for non-nested model comparison.

In subsequent research we hope to extend the analysis
960 of this paper to multi-factor term structure models.

In particular, we hope to compare the different classes of
three- and four-factor affine models using these
techniques.
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