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Cooperative (co-op) advertising is an important instrument for aligning manufacturer and retailer decisions in
supply chains. In this, the manufacturer announces a co-op advertising policy, i.e., a participation rate that

specifies the percentage of the retailer’s advertising expenditure that it will provide. In addition, it also an-
nounces the wholesale price. In response, the retailer chooses its optimal advertising and pricing policies. We
model this supply chain problem as a stochastic Stackelberg differential game whose dynamics follows Sethi’s
stochastic sales-advertising model. We obtain the condition when offering co-op advertising is optimal for the
manufacturer. We provide in feedback form the optimal advertising and pricing policies for the manufacturer
and the retailer. We contrast the results with the advertising and price decisions of the vertically integrated
channel, and suggest a method for coordinating the channel.
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1. Introduction
Cooperative (or co-op) advertising is commonly used
in supply chains as an incentive by the manufacturer
to influence retailer behavior. In co-op advertising
programs, the manufacturer contributes a percentage
of the retailer’s advertising expenditure to increase
the sales of the manufacturer’s product (Dutta et al.
1995, Nagler 2006). Co-op advertising programs can
be a significant expense for the manufacturer. As
much as 25–40% of local advertisements are cooper-
atively funded (Dant and Berger 1996). Total
expenditure on co-op advertising in 2000 was esti-
mated at $15 billion, compared with $900 million in
1970 (Nagler 2006).

The manufacturer’s decision problem, if offering a
co-op advertising program to the retailer, is to deter-
mine what percentage of advertising expense to
contribute. This is called its participation rate. The par-
ticipation rate need not be constant but can be a
function of the state, which in our case is the propor-
tion of the market aware of the product. If it is
assumed that retail price and retail advertising are the
primary marketing mix drivers of sales, then the effect
of the participation rate on these must be considered

when designing a co-op program. That is, it should be
expected that the wholesale price and the participa-
tion rate of the manufacturer will influence the retail
price and the amount of retail advertising by the re-
tailer, and, by backward induction, anticipation of the
latter should influence the manufacturer’s decisions.
Furthermore, it should be kept in mind that advertis-
ing decisions have dynamic effects on awareness and
sales, which are also subject to uncertainty. Neverthe-
less, generating actual decisions is difficult and
managerial guidelines do not presently incorporate
all of these elements. For the manager, it is also
important to understand how costs, advertising effec-
tiveness, and other market and firm specific
parameters will affect these decisions.

In attempting to provide managerial guidelines for
co-op advertising, we study co-op advertising in the
context of a supply chain consisting of a manufacturer
selling through a retailer. Following a standard struc-
ture, the manufacturer is considered to be the
Stackelberg leader and the retailer is the follower.
Specifically, the manufacturer announces a wholesale
price and the percentage of retail advertising that it
will contribute. These can be state dependent, though
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we shall show that in equilibrium and under the as-
sumptions of our model they are not. In turn, the
retailer decides on its advertising expenditure and the
retail price. These can also be state dependent, but in
our case only the optimal advertising is and the retail
price is not. These determine the sales for the channel,
which also is subject to uncertainty. We determine the
condition when offering co-op advertising is optimal.
We provide explicit solutions and comparative statics.
We then describe how the channel can be coordinated
using co-op advertising. Furthermore, we show that,
in the absence of coordinated co-op advertising and
pricing strategies, the decentralized channel will al-
ways have higher than optimal price and lower than
optimal advertising.

Prior literature on co-op advertising has often used
static game models to capture the interaction between
the manufacturer and retailer, thus ignoring the dy-
namic impact of advertising on sales. Dynamic
models of co-op advertising have only recently been
proposed (e.g., J�rgensen et al. 2000, 2001, 2003,
Karray and Zaccour 2005), not least because the
Stackelberg game structure with dynamics tends to
make the modeling intractable. Often the solution
procedure must take recourse to open-loop policies,
which are not time consistent, or exclude the pricing
decisions, or omit demand uncertainty (see He et al.
2007 for a survey). In contrast, this paper proposes a
continuous-time dynamic model of co-op advertising
and pricing decisions with uncertainty. In a dynamic
stochastic model, we provide, for the first time, ex-
plicit feedback Stackelberg solutions of the optimal
co-op policy – advertising and pricing decisions.
These decisions are time consistent, i.e., neither the
manufacturer not the retailer will have an incentive to
revise their policy at any future time. We discuss the
literature and contribution in more detail in the next
section.

The remainder of the paper is organized as follows.
In Section 2 we survey the relevant background
literature. Section 3 develops the proposed model,
and Section 4 provides the analysis and results. We
compare the vertically integrated and decentralized
channels analytically and with numerical examples
and graphs. In Section 5, we study the use of co-op
advertising and revenue sharing contracts. Section 6
provides conclusions and directions for future re-
search. Proofs of all results in the paper are given in
Appendix A.

2. Background Literature
This is an interdisciplinary paper related to the liter-
ature on supply chain coordination in operations
management and the literature on co-op advertising
in marketing. In operations management, Cachon

(2003) is a good reference on supply chain coordina-
tion. In Gerchak and Wang (2004), the retailer sets the
shares of the revenue and then the suppliers decide
delivery quantities. They show that revenue sharing
alone cannot coordinate the assembly system, how-
ever, a revenue sharing scheme coupled with a
subsidy paid by the retailer to suppliers can. Cachon
and Lariviere (2005), in a newsvendor setting, study
the revenue sharing contracts between a retailer and a
manufacturer who sets the wholesale price. Gerchak
et al. (2006) study the revenue sharing contracts in a
decentralized Stackelberg setting in which the video
rental channel and the studio make independent de-
cisions. Consistent with the coordination motif of this
literature, we will examine the value of co-op adver-
tising in coordinating the supply chain.

The co-op advertising literature consists of rela-
tively few quantitative studies. We can divide them
into two categories: Static models (Berger 1972, Ber-
gen and John 1997, Dant and Berger 1996, Kim and
Staelin 1999, Huang et al. 2002) and dynamic models
(J�rgensen and Zaccour, 2003, J�rgensen et al. 2000,
2001, 2003, Karray and Zaccour 2005). We proceed to
discuss these further.

In the static setting, Berger (1972) appears to be the
first paper to analyze co-op advertising. It operation-
alizes co-op advertising as a wholesale price discount
given by the manufacturer to the retailer as an ad-
vertising allowance. Sales are a concave function of
the level of advertising chosen by the retailer. The
conclusion is that both the manufacturer and retailer
can be better off from co-op advertising. Dant and
Berger (1996) extend the Berger model to study the co-
op advertising decisions in franchising systems with
demand uncertainty and where there is disagreement
between the manufacturer and retailer on anticipated
sales. Bergen and John (1997) study the effects of ad-
vertising spillover, differentiation across competing
retailers, and differentiation across competing manu-
facturers on the participation rate. Kali (1998) finds
that if the co-op advertising subsidy is made condi-
tional on the advertised price being above a specified
price threshold, then the channel can be coordinated
on price and advertising. Finally, Huang et al. (2002)
analyze both manufacturer-as-leader and partnership
advertising structures. They consider the impact of
local advertising and the national brand name invest-
ment on the retailer’s sales.

Huang et al. (2002) justify undertaking a static anal-
ysis of co-op advertising by arguing that promotion
effects tend to be less long lasting than advertising,
and are primarily a driver of short-term sales.
Nevertheless, the empirical evidence in studies of
concurrent advertising and promotion dynamics by
Naik et al. (2005) and concurrent advertising and
detailing by Chintagunta and Vilcassim (1994) and
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Fruchter and Kalish (1998) finds significant support
for dynamic promotion effects. In our dynamic model,
we use two parameters that can be adjusted to capture
how important the present is in relation to the future.
One is the finite decay term in the dynamics origi-
nating from Vidale and Wolfe (1957) that captures loss
of market share due to forgetting and background
competition. The other is the firm’s positive discount
rate. If this rate is high, then the firm effectively be-
haves like a myopic agent and if it is low, like a
foresighted firm. Setting these two parameters high
should therefore resemble a static analysis, yet their
presence gives the flexibility to explain dynamic
implications. Another difference with the aforemen-
tioned papers is that we model the pricing decision
in the channel explicitly. But compared with Huang
et al. (2002), we have not included the possibility that
the manufacturer may separately advertise its prod-
uct. Some justification for this comes from the study
by Nagler (2006, Table 1) who finds that of 2286
brands in the survey, 1470 listed a co-op advertising
program but only 599 did national advertising.

In the dynamic setting, J�rgensen et al. (2000) apply
a Stackelberg differential game to model the interac-
tion between the manufacturer and the retailer in a
decentralized channel with the manufacturer as the
Stackelberg leader in an extended Nerlove and Arrow
(1962) framework. They assume that advertising may
have both long-term and short-term effects on retail
sales and that the brand’s goodwill is affected by the
manufacturer’s and retailer’s long-term advertising
only. They show that supporting both types of retailer
advertising provides more profits to both channel
members than any of the cases of partial support, i.e.,
providing support to only one of the two types (either
the retailer’s long-term or short-term advertising),
while the partial support is better than no support.
J�rgensen and Zaccour (2001) study dynamic co-op
advertising and compare results from two games:
Nash game without advertising support and Stackel-
berg game with the manufacturer as the leader with
support. They conclude that co-op support is Pareto
improving. Karray and Zaccour (2005) extend J�rgen-
sen et al. (2001) to consider both the manufacturer’s
national advertising and the retailer’s local promo-
tional effort. In this model, the retailer sells a private
label as well as the manufacturer’s product and can
choose the promotional effort for each product. The
results show that a co-op advertising program can
help the manufacturer mitigate the competitive im-
pact of the private label. J�rgensen et al. (2003) study
the case where the retailer’s promotions can damage
the brand image and examine whether a co-op ad-
vertising program can still work in such a context.
They find that it is feasible when the initial brand
image is weak or if the initial brand image is at an

intermediate level and retailer promotions are not too
damaging to the brand image.

To this existing dynamic co-op advertising litera-
ture, our proposed model and results make a
contribution in the following respects. First, the diffi-
culty of solving differential Stackelberg games means
that one often either considers open-loop decisions, or
resorts to a class of problems where Basar and Olsder
(1999) and Rubio (2006) have shown that the Stack-
elberg solution reduces to the solution of the Nash
(simultaneous move) game, or imposes the linear-
quadratic structure in the problem. However, our
model does not have these simplifying features. More-
over, we obtain feedback Stackelberg solutions. The
importance of this solution is that a manufacturer
would not feel tempted to change its decisions
depending on the state of the market. Second, we in-
clude the price decision as an endogenous decision
variable and show how co-op advertising can over-
come the double marginalization problem and
coordinate the channel. Third, we include uncertainty
into the demand dynamics and show that the results
are robust to its inclusion. To achieve these goals, we
employ the Sethi (1983) advertising model as the dy-
namics of the optimal control and differential game
problems under consideration.

3. The Model
We consider a channel consisting of a manufacturer
selling a product to end users through a retailer.
The product is in a mature category where sales, ex-
pressed as a fraction of the potential market, is
influenced through advertising spending and retail
price. The manufacturer decides on the wholesale
price and implements an advertising support scheme
via a participation rate, i.e., for every dollar spent by
the retailer, the manufacturer will contribute a certain
percentage. Specifically, the manufacturer decides on
the wholesale price w(t) and a co-op participation rate
y(t) at time t � 0. The retailer decides on the channel’s
total advertising effort level u(t) and the retail price
p(t), t � 0.

The costs of advertising, i.e., advertising expendi-
ture, are quadratic in the advertising effort u(t) and
the manufacturer’s and retailer’s advertising expen-
ditures at time t are given by yu(t)2 and (1� y)u(t)2,
respectively. The assumption of a quadratic cost
function is common in previous research (e.g.,
Chintagunta and Jain 1992, Deal 1979, J�rgensen
et al. 2000, Prasad and Sethi 2004) and implies
increasing marginal cost of advertising effort. Equiv-
alently, the retailer decides on the channel’s total
advertising expenditure v(t), which results in a mar-
ginally diminishing advertising effect proportional toffiffiffiffiffiffiffiffi

vðtÞ
p

; t � 0.
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We introduce the following additional notation.
Notation

t Time t, t � 0

x(t)A[0, 1] Proportion of the market aware of
product at time t

xA[0, 1] Aware proportion, also denotes an arbi-
trary initial aware proportion

u(t) � 0 Advertising effort rate at time t

U(t) � 0 Advertising effort rate for the integrated
channel at time t

w(t) � 0 Wholesale price at time t

p(t) � 0 Retail price at time t

P(t) � 0 Retail price for the integrated channel at
time t

y(t) � 0 Co-op advertising participation rate
offered by manufacturer at time t

D(p) Demand function

c � 0 Constant unit production cost for man-
ufacturer

r40 Advertising effectiveness parameter

d40 Awareness share decay parameter

r40 Discount rate

mM, mR, mI Gross margins for manufacturer (M),
retailer (R), and integrated channel (I)

VM, VR, VI Value functions for M, R, and I, respec-
tively

aM; aR; aI

bM; bR; bI

Intercepts and slopes of the value func-
tions of M, R and I, respectively

To model the dynamic effect of advertising on sales,
we use the Sethi advertising model, which is related
to the classical Vidale-Wolfe advertising model. Vari-
ants of the Sethi model have been used, for example,
by Bass et al. (2005) and references therein, and em-
pirically validated in studies such as Chintagunta and
Jain (1995) and Naik et al. (2008).

We use the stochastic formulation of the Sethi
model which is given by the Itô equation

dxðtÞ ¼ ruðtÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� xðtÞ

p
� dxðtÞ

� �
dtþ sðxðtÞÞdzðtÞ;

xð0Þ ¼x 2 ½0; 1�; t � 0;

ð1Þ

where x(t) in this paper represents the awareness
share, i.e., the number of aware (or informed) cus-
tomers expressed as a fraction of the total market at
time t, x denotes the initial condition, r is a response
constant, and d determines the rate at which potential
consumers are lost due to background competition,
product obsolescence, forgetting, etc. Because we aim
to solve the problem for any initial x, we can treat it as
arbitrarily chosen. Thus, it will denote as well the

variable representing the awareness share. In the sec-
ond term on the right-hand side, s(x(t)) represents a
variance term and z(t), t � 0, represents a standard
Wiener process on the underlying probability space
ðO;=;PÞ. We should stress that the admissible class of
decisions u(t), t � 0, are nonnegative stochastic pro-
cesses, non-anticipative with respect to the Wiener
process z(t), t � 0. This requirement applies also to the
other decisions that will be introduced later.

Some elucidation of the properties of Equation (1) is
needed. Note that the specification of the dynamics has
desirable properties such as concave response with sat-
uration. The awareness share is non-decreasing in
advertising and subject to decay. The awareness share
dynamics are affected linearly by the advertising effort
u(t), which is the square root of the advertising expen-
diture u(t)2 and is thus a concave function for the
advertising expenditure. The rate of awareness share
increase is unaffected by the participation rule, which is
an internal transfer between the channel members. Ad-
vertising affects the proportion of unaware consumers
as in Sethi (1983), but sales are generated only by the
fraction of aware consumers who are willing to pay the
retail price. Price was similarly included in the objective
function by Bass et al. (2005) in a simultaneous-move
Nash advertising game.

REMARK 3.1. The awareness share remains bounded
within [0, 1] despite the stochastic disturbances, as we
assume that the function s : ð0; 1Þ ! < is continuous
and Lipschitz on every closed subinterval of (0, 1),
uðtÞ � 0; t � 0; and sð0Þ ¼ sð1Þ ¼ 0. This gives a
strictly positive drift when the awareness share is 0
and a strictly negative drift when it is 1. Then, from
Gihman and Skorohod (1972, p. 149, 157–158), 0 and 1
are the natural boundaries for the solutions of (1) with
xð0Þ ¼ x 2 ½0; 1�, i.e., xðtÞ 2 ð0; 1Þ almost surely for
t40. &

The channel members have a constant and positive
discount rate r and play a Stackelberg differential
game over an infinite horizon. We regard the manu-
facturer as the Stackelberg leader and the retailer as
the follower. We restrict our attention to feedback
Stackelberg solutions where the optimal policy, in
general, depends on the current state and time (see
Basar and Olsder 1999). However, in an infinite ho-
rizon setting with time-independent parameters, we
can – with good reason – choose to focus on stationary
equilibria. Thus, the feedback policies will not depend
explicitly on time t. There may be non-stationary
equilibria as well, which we do not discover, however.

The sequence of the events is as follows: First, the
manufacturer announces the feedback wholesale price
policy wðxÞ � 0 and the feedback participation rate
yðxÞ 2 ½0; 1�. This means that at any time t � 0, if the
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state is x(t), then at time t, the wholesale price, de-
noted as w(t), would be w(x(t)) and the participation
rate, denoted as y(t), would be y(x(t)). Note here a
slight abuse of notation in using w(x) and y(x) as
feedback policies, and w(t) and y(t) as the decisions at
time t.

Second, the retailer sets the retail price p(t) and the
advertising effort rate u(t) as its optimal response to
the manufacturer’s announced decisions. The retailer
accomplishes this by solving an optimization problem
to maximize the present value of its profit stream over
the infinite horizon. Given the manufacturer’s an-
nounced policies, the retailer’s optimal control
problem is given by

VRðxÞ ¼

Max
pðtÞ;uðtÞ�0;t�0

E

Z 1
0

e�rt ðpðtÞ � wðxðtÞÞÞDðpðtÞÞxðtÞf
�

� 1� yðxðtÞÞð ÞuðtÞ2
o

dt
o ð2Þ

subject to (1), where E denotes the expectation oper-
ator.

We will assume that the demand function is down-
wards-sloping and differentiable, and satisfies the
usual conditions to ensure an interior solution for
price. Moreover, 0 � DðpÞ � 1.

We have denoted the optimal value of the retailer’s
discounted total profit at time zero by VR(x), clearly
indicating that it depends only on the initial value x.
Because x is arbitrary, the function VR(x) is defined on
the entire domain [0, 1]. Furthermore, because ours is
an infinite horizon problem with stationary parame-
ters, the future at any time t looks the same as it does
at time zero so long as x(t) 5 x. This means that VR(x)
will also provide us with the present value of the
profit stream associated with an optimal policy on the
interval ½t;1Þ; t � 0, discounted to time t if x(t) 5 x at
that time. Thus, VR(x) defines the value function for our
problem.

The optimal solution of the problem (1), (2) yields
the retailer’s feedback retail price pðxjw; yÞ and ad-
vertising effort uðxjw; yÞ in response to the announced
policies w(x) and y(x). While these responses are
simply functions of x, the explicit notation we are
using emphasizes their dependence on the announced
policies. As an example, if uðxjw; yÞ ¼ xwþ y; wðxÞ ¼
ax2; and yðxÞ ¼ bx, then uðxjw; yÞ means uðxjwðxÞ;
yðxÞÞ ¼ ax3 þ bx. Furthermore, if x(t) denotes the
awareness share at any time t � 0, then the retailer’s
advertising effort u(t) at time t will be uðxðtÞjw; yÞ ¼
uðxðtÞjwðxðtÞÞ; yðxðtÞÞÞ ¼ axðtÞ3 þ bxðtÞ.

The manufacturer anticipates the retailer’s reaction
functions and incorporates them into its optimal con-
trol problem, and solves for its wholesale price policy
w(x) and the participation rate policy y(x). Therefore,

the manufacturer’s problem can be stated as

VMðxÞ ¼ Max
wðtÞ�0;
0�yðtÞ�1

E

Z 1
0

e�rt

�
wðtÞ � cð ÞD pðxðtÞjwðtÞ; yðtÞÞð ÞxðtÞf

�yðtÞ uðxðtÞjwðtÞ; yðtÞÞð Þ2
o

dt
o

dxðtÞ ¼ ruðxðtÞjwðtÞ; yðtÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� xðtÞ

p
� dxðtÞ

� �
dt

þ sðxðtÞÞdzðtÞ; xð0Þ ¼ x 2 ½0; 1�; t � 0;

ð3Þ

where VMðxÞ is the manufacturer’s value function.
The solution to problem (3) yields the equilibrium
feedback policies w�ðxÞ and y�ðxÞ for the manufacturer.

Once we have the solution w�ðxÞ and y�ðxÞ, we can
then express the retailer’s feedback price and adver-
tising effort as p�ðxÞ ¼ pðxjw�; y�Þ and u�ðxÞ ¼ uðxjw�;
y�Þ. We would like to stress here that the policies
w�ðxÞ; y�ðxÞ; p�ðxÞ and u�ðxÞ constitute a feedback
Stackelberg equilibrium, which is time consistent. Us-
ing these policies in the state Equation (1) results in
the stochastic awareness process x�ðtÞ; t � 0, and the
respective decisions will be w�ðx�ðtÞÞ; y�ðx�ðtÞÞ; p�ðx�
ðtÞÞ and u�ðx�ðtÞÞ at time t � 0.

We will obtain these policies explicitly in this paper.
Thus, this paper represents a major advance over the
bulk of the literature on Stackelberg differential game
models in advertising and pricing, where open-loop
policies are obtained, which are in general not time
consistent.

Before we proceed to analysis in the next section,
we also formulate the problem for the vertically in-
tegrated channel. Here the pricing and advertising
decisions are made by a centralized decision maker in
order to maximize the present value of the total chan-
nel profit. By denoting the retail price as P(t) and the
joint advertising effort by U(t) at time t, the problem
can be written as

VIðxÞ ¼ Max
PðtÞ;UðtÞ�0;t�0

E

Z 1
0

e�rt ðPðtÞ � cÞD PðtÞð ÞxðtÞ �UðtÞ2
h i

dt

� �
;

dxðtÞ ¼ rUðtÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� xðtÞ

p
� dxðtÞ

� �
dtþ sðxðtÞÞdzðtÞ;

xð0Þ ¼x 2 ½0; 1�; t � 0:

ð4Þ

We now proceed to the analysis of the decentralized
and integrated channels.

4. Analysis
We first consider the case of the integrated channel in
which there is a central decision maker making the
advertising and pricing decisions. This provides the
benchmark against which the decentralized channel
results can be compared.

4.1. The Integrated Channel
The analysis can be broken into two parts that provide
the optimal price and optimal advertising, respec-
tively. First, observe that P occurs only in the
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integrand and not in the dynamics of (4). Thus, we can
maximize the channel profit by first maximizing the
integrand of (4) with respect to P, holding U fixed, and
then solve the resulting optimal control problem to
obtain the optimal U (see, e.g., Sethi and Thompson
2000, ‰7.1.1). The optimal price P� satisfies the first-
order condition (FOC) of maximizing ðP� cÞDðPÞ
with respect to P. Thus, the optimal pricing decision
can be obtained independent of the advertising deci-
sions. Specifically, the optimal price P� is constant
over time, and it is the solution of the equation
ðP� � cÞD0ðP�Þ þDðP�Þ ¼ 0. Let mI � ðP� � cÞDðP�Þ
denote the integrated channel’s optimal gross margin
per unit share of awareness. Note that this is different
from the standard margin ðP� � cÞ per unit sale. Using
the implicit function theorem, it can be shown that
@P�=@c40 and @mI=@co0. The former occurs because
marginal revenue equals marginal cost at the optimal
demand, and when marginal cost increases, the firm
sells fewer units by charging a higher price so that the
marginal revenue is higher. But overall, due to cost
increases, the gross margin is reduced.

We next solve the optimal control problem for the
advertising decision. Here the objective function in (4)
is rewritten with the maximized retail price.

PROPOSITION 1: For the integrated channel, we have the
following results.

(a) The integrated channel’s optimal profit is linear in x,
i.e., VI ¼ aI þ bIx, where aI and bI are positive constants
given in terms of the system parameters as follows:

aI ¼ b2
Ir

2=4r; bI ¼
2mIffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðrþ dÞ2 þ r2mI

q
þ ðrþ dÞ

:

Comparative statics are @VI

@mI
40; @VI

@r 40; @VI

@r o0; @VI

@d o0.
(b) The optimal feedback advertising policy is

U�ðxÞ ¼ bIr
ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
raIð1� xÞ

p
:

Comparative statics are @U�
@mI

40; @U�
@r 40; @U�

@r o0; @U�
@d o0.

&

The solutions are explicit, and the comparative
statics on the decision variables and the value
function appear to be intuitive. When the decay
parameter is higher or the effectiveness of advertising
lower, it is optimal to have less advertising.
Advertising is higher when the firm is less myopic,
i.e., it discounts the future less. This is due to the
carryover effect of advertising. To obtain the effect of
demand function parameters on the results, which
will have an impact via the gross margins, we can
employ, for example, the linear demand function
DðPÞ ¼ 1� ZP, where Z captures price sensitivity
and 0 � P � 1=Z. In this case, P� ¼ ð1þ ZcÞ=

2Z and mI ¼ ð1� ZcÞ2=4Z, so @mI=@Zo0. When de-
mand is more sensitive to price, the optimal price is
lower and the optimal advertising should also be lower,
because the returns from advertising have decreased.

The optimal advertising effort is proportional toffiffiffiffiffiffiffiffiffiffiffi
1� x
p

, i.e., the optimal advertising budget is
proportional to (1� x). In other words, when the
awareness share is higher, there should be less
advertising than when it is lower. Thus, the benefit
of advertising is greatest at the beginning, over the
steepest part of the sales-advertising response func-
tion when the awareness share is low, rather than
when it is closer to saturation.

4.2. The Decentralized Channel
The results for the Stackelberg differential game are
obtained as described in the previous section. We
present them in the following two propositions.
Proposition 2 will specify the retailer’s best response
and Proposition 3 will characterize the Stackelberg
equilibrium for the supply chain.

PROPOSITION 2: For any given policies w(x) and y(x) of
the manufacturer, the retailer’s reaction price is indepen-
dent of y(x) and can be expressed as pðxjwÞ ¼ p̂ðwðxÞÞ,
where the function p̂ðwÞ solves

Dðp̂Þ þ ðp̂� wÞD0ðp̂Þ ¼ 0;

and its advertising reaction policy is independent of w(x),
and can be expressed as

uðxjyÞ ¼ VR
x r

ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

2ð1� yðxÞÞ &

We insert these reaction functions into the maximiza-
tion problem for the manufacturer and proceed further.
It turns out that, depending upon the parameter values,
there can be two types of equilibria. In the first, which
we term as the no co-op equilibrium, the manufacturer
does not provide any co-op advertising program to the
retailer, whereas in the second, it does. We state these
results in the following proposition.

PROPOSITION 3 (Feedback Stackelberg Equilibrium): For
any given set of parameters, there exists a unique feedback
Stackelberg equilibrium ðw�ðxÞ; p�ðxÞ; y�ðxÞ; u�ðtÞÞ for the

game, given by w�ðxÞ ¼ w� satisfying ðw� � cÞdDðp̂ðwÞÞ
dw

���
w�
þ

Dðp̂ðw�ÞÞ ¼ 0; p�ðxÞ ¼ p� ¼ p̂ðw�Þ; with the function
p̂ðwÞ as defined in Proposition 2, and with D� mMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðrþdÞ2þr2mR

p �
mRffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðrþdÞ2þr2mR

p
þðrþdÞ

; mM� ðw� � cÞDðp�Þ; mR � ðp� � w�Þ

Dðp�Þ we have:
&

First, we discuss the optimal prices obtained in
Proposition 3. The retail price is higher in a decen-
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tralized channel than in the integrated channel per the
double marginalization effect.

EXAMPLE: With the demand function DðPÞ ¼ 1�
ZP; we see that p� ¼ ð3þ ZcÞ=4Z; w� ¼ ðZcþ 1Þ=2Z;
mR ¼ ð1� ZcÞ2=16Z; mM ¼ ð1� ZcÞ2=8Z; and mM þmR

¼ 3ð1� ZcÞ2=8Z:
Thus, p�4P� ¼ ð1þ ZcÞ=2Z, because ZcoZP� � 1:&

Next, we discuss the no co-op solution appearing in
the left column (a) of the table in Proposition 3, which
happens when D � 0 The salient points of the no co-
op solution, which is completely explicit, are, first,
that advertising is proportional to

ffiffiffiffiffi
aR
p

, and a
comparison with the integrated channel case shows
that it is necessarily suboptimal for the channel.
Second, when the margin of the manufacturer is
sufficiently smaller than that of the retailer, then the
condition under which the no co-op equilibrium holds
is satisfied. Thus, the manufacturer should not offer a
co-op advertising incentive when the retailer has
sufficient channel power to swing the split of channel
margins in its direction. It is useful that the analysis
provides a result with no co-op advertising, because
in practice co-op advertising is not observed all
the time. While noting that the condition for no
co-op advertising specified in the proposition also

applies when mM and mR are exogenously specified,
we can verify that there are demand functions from
which the condition or its negation emerge endogen-
ously.

EXAMPLES: The linear demand function and the
isoelastic demand function provide the verification
being sought, since they generate opposite implica-
tions for whether there should be co-op advertising or
not in equilibrium. Note that these are the most
commonly used demand functions (e.g., Petruzzi
and Dada 1999). With the linear demand function
DðpÞ ¼ 1� Zp; Z 2 ð0; 1=pÞ, it can be derived that
p̂ðwÞ ¼ ð1þ ZwÞ=2Z; ) p̂ðwÞ � w ¼ ð1� ZwÞ=2Z, and
further that w� ¼ ð1þ ZcÞ=2Z; ) w� � c ¼ ð1� ZcÞ=2Z.
Thus mR=mM ¼ ð1� Zw�Þ=ð1� ZcÞ. With the isoelastic
demand function DðpÞ ¼ p�W; W41, and c � 1, where
W is the price elasticity of demand, we get
p̂ðwÞ ¼ wW=ðW� 1Þ; ) p̂ðwÞ � w ¼ w=ðW� 1Þ, and fur-
ther that w� ¼ cW=ðW� 1Þ; ) w� � c ¼ c=ðW� 1Þ. Thus
mR=mM ¼ w�=c. Noting further that w�4c in both
cases, it is clear that in the linear demand case
mRomM, which means that Proposition 3(a) never
applies and co-op advertising is optimal. On the other
hand, with isoelastic demand, we have mR4mM,
which implies that Proposition 3(a) applies for low
values of the elasticity W, and thereby rules out the

(a) if D � 0 (b) if D40
No Co-op Equilibrium Co-op Equilibrium

Retailer’s profit VR VRðxÞ ¼ aR þ bRx VRðxÞ ¼ aR þ bRx

Manufacturer’s profit VM VMðxÞ ¼ aM þ bMx VMðxÞ ¼ aM þ bMx

Coefficients of profit functions,
aR; bR; aM; bM obtained from: bR ¼

2mRffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrþ dÞ2 þ r2mR

q
þ ðrþ dÞ

bM ¼
2mM

2ðrþ dÞ þ bRr2

aR ¼
b2

Rr
2

4r

aM ¼
bRbMr2

2r

bR ¼
mR

rþ d
� bRðbR þ 2bMÞr2

8ðrþ dÞ

bM ¼
mM

rþ d
� ðbR þ 2bMÞ2r2

16ðrþ dÞ

aR ¼
bRðbR þ 2bMÞr2

8r

aM ¼
ðbR þ 2bMÞ2r2

16r

Participation rate y�ðxÞ ¼ y� ¼ 0

y� ¼ 2bM � bR

2bM þ bR

¼ 1� aR

aM

Advertising effort u�ðxÞ ¼
rbR

ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
raRð1� xÞ

p rðbR þ 2bMÞ
ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

4
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
raMð1� xÞ

p
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optimality of co-op advertising. For high values of W,
co-op advertising is optimal. &

Finally, we consider the case where the condition (a)
for no co-op advertising does not hold. Then, the right
column condition (b) holds, i.e., D40. The parameters
aR; bR; aM; bM are obtained from the simultaneous solu-
tion of the four implicit equations. Because it is the value
of D that determines whether the manufacturer will share
in advertising or not, we could term D as the differential
power of the manufacturer over the retailer. Note that
mM � mR is sufficient for D40, but not necessary.

It is now possible to see that the advertising in the
decentralized channel is lower than in the vertically
integrated channel. The ratio of the advertising ex-
penditures u�ðxÞ=U�ðxÞ is given by

ffiffiffiffiffiffiffiffiffiffiffiffiffi
aM=aI

p
if D40

and
ffiffiffiffiffiffiffiffiffiffiffi
aR=aI

p
if D � 0. Because the integrated channel

must have at least as high a value function as the
decentralized channel for any x, including x 5 0, we
have aI � aM1aR. And further, because the manufac-
turer cannot extract all the surplus from the de-
centralized channel, aI4aM and aI4aR. Therefore, the
advertising in the decentralized channel is lower than
the channel optimal rate. This extends the result ob-
tained by Huang et al. (2002) in the static case. We
may also note that the ratio is constant, depending
only on the problem parameters and not on the cur-
rent awareness share.

Figure 1 shows how we can interpret the optimal
advertising policy results such as U�ðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
raIð1� xÞ

p
,

obtained in Proposition 1 for the integrated case, in
the usual marginal benefit equals marginal cost argu-
ment. For the integrated channel, we see by
differentiating Equation (A1) with respect to U that
the marginal cost of advertising is 2U and its marginal
benefit is VI

xr
ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

. To see it more clearly, let us see
what happens when we apply a constant control U in
a small interval [t, t1dt], when x(t) 5 x. From the Itó
differential Equation (1), we can see that Eðxðtþ
dtÞÞ ¼ xþ rU

ffiffiffiffiffiffiffiffiffiffiffi
1� x
p� 	

dt, because the expectation of

the stochastic term is zero. But the marginal value (or
the shadow price) of the state is given by VI

x: Thus, the
expected benefit is VI

x½Eðxðtþ dtÞÞ � x� ¼ VI
xrU

ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

dt: Moreover, the total advertising cost in the small
interval is U2dt: The difference of these two terms
gives the expected profit VI

x



rU

ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

�U2
�
dt result-

ing from our action in the interval [t, t1dt]. We can
maximize this profit by taking its derivative with re-
spect to U and set it equal to zero. But this gives
precisely the FOC (A2), which can now be seen as the
condition of equating marginal revenue and marginal
cost of advertising. Further analysis reveals that the
marginal revenue in the integrated case can also
be expressed as MRI ¼ VI

xr
ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

¼ bIr
ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

¼
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
raIð1� xÞ

p
.

For the decentralized channel as a whole, the in-
stantaneous advertising expense rate is u2, and so the
marginal cost is 2u. We can disaggregate this for the
retailer and manufacturer as follows: The marginal
costs are 2(1� y)u and 2yu, respectively. Furthermore,
the condition showing the equality between the mar-
ginal cost 2(1� y)u and the marginal benefit
VR

x r
ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

for the retailer is given by (A12).
Although more complicated to show, the equality

between marginal benefit and marginal cost also
holds for the manufacturer. To see this, let us solve
the manufacturer’s problem (3) subject to the re-
tailer’s response (A13). This can be done by either
using the Lagrange multiplier method or by substi-
tuting for y from (A13) into (3). If we did the latter,
then instead of the HJB Equation (A15), we would get
the equation

rVM ¼ max
u�0

mMðxÞ � u2 þ VR
x ru

ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

2
þ VM

x ru
ffiffiffiffiffiffiffiffiffiffiffi
1� x
p� 

:

The first order condition for u is

�2uþ VR
x r

ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

2
þ VM

x r
ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

¼ 0;

Advertising Effort  u

MC = 2u

u* U*

MRD  =

MR I =2    rα I (1–x)

2   rα R (1–x) in No Co-op solution,

2    rα M (1–x) in  Co-op solution.

Figure 1 Explanation of Under-Advertising Using Marginal Analysis
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which, by using (A13) and adding yu on both sides,
can be written as

VM
x r

ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

� uð1� yÞ ¼ 2yu: ð5Þ

Here we can see that without constraint (A13), the
manufacturer’s marginal benefit would be simply
VM

x r
ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

. The decrease in the marginal benefit by
u(1� y) is because of constraint (A13). If we had used
the Lagrange multiplier approach, then it can be
shown that u(1� y) will be replaced by 2l(1� y) with
l5 u/2 as the value of the Lagrange multiplier, which
we know represents the shadow price associated with
the constraint (A13).

Finally, by summing (5) and (A12), we obtain

ðVM
x þ VR

x Þr
ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

� uð1� yÞ ¼ 2u:

The right-hand side is the total marginal cost of
advertising for the decentralized channel and the left-
hand side represents the marginal revenue MRD of the
decentralized channel, which can be written as

MRD ¼
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
raRð1� xÞ

p
in the no co-op solution;

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
raMð1� xÞ

p
in the co-op solution:

(

We can now see that the optimal advertising effort
derived in Proposition 3 for the decentralized channel
can be obtained from MCD ¼ 2u.

We have seen already that aI4aM and aI4aR, and
hence Figure 1 shows that under-advertising, leading
to lower sales and lower channel profit, takes place in
the decentralized solution in both co-op and no co-op
equilibria. Moreover, this under-advertising comes
about from the application of the marginal cost equals
the margin cost argument two times – once by the
retailer and once by the manufacturer. This effectively
generalizes the inefficiency caused by double margin-
alization for pricing in static supply chains to
advertising decisions in dynamic stochastic supply
chains.

4.3. Comparative Statics in the Decentralized
Channel
The comparative statics on the advertising decision in
the no co-op solution follow from direct observations,
and they are

@u�

@mR
40;

@u�

@mM
¼ 0;

@u�

@r
40;

@u�

@r
o0;

@u�

@d
o0: ð6Þ

These are as in the integrated channel case, except
for the clarification that advertising effort does not
depend on the manufacturer’s gross margin, but only
on the retailer’s. The comparative statics for advertis-
ing in the co-op case are likely identical, but the
intractability of the algebraic expressions presents a
hurdle to confirming this.

For the comparative statics on the participation rate
with respect to the gross margins of the firms, we
employ numerical analysis. For this we assume the
margins to be given. This analysis is fairly straightfor-
ward because we have the formula for the optimal
participation rate in Proposition 3. In Figures 2 and
3, we use parameters r 5 0.05, d5 1 and r5 2. We
fix the retailer’s margin to mR 5 0.10 when plotting
the relationship between the manufacturer’s margin
mM and the participation rate y in Figure 2, and the
manufacturer’s margin to mM 5 0.4 when plotting mR

against y in Figure 3. Figure 2 shows that as the
manufacturer’s margin increases, the participation
rate increases. In contrast, Figure 3 shows that as the
retailer’s margin increases, the participation decreases.

The result appears to be consistent with previous
literature (e.g., Berger 1972) that has found that the
participation rate increases with the manufacturer’s

Figure 2 Participation Rate vs. Manufacturer’s Margin

Figure 3 Participation Rate vs. Retailer’s Margin
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margin, and this is supported by the empirical studies as
well, such as by Nagler (2006). The argument is that the
manufacturer has an incentive to motivate the retailer to
increase advertising as it has a higher value for sales.
However, a substantiation of this result may not hold in
general. An investigation of the conditions under which
it would hold is left as a topic of further research.

When the margins are not given, they need to be
derived in terms of the problem parameters such as
r, d, and r for any given demand functions. While we
do not obtain comparative statics in terms of these
parameters, these can be easily obtained numerically.

The analysis in the next section proceeds with the
case that there is co-op advertising in equilibrium.

4.4. Evolution Process of Awareness Share
We next examine the awareness share processes
analytically for both the integrated and the decen-
tralized channels. Inserting the values of the adver-
tising effort into the state equation, we obtain,

dxðtÞ ¼ Að1� xðtÞÞ � dxðtÞð Þdtþ sðxðtÞÞdzðtÞ;
xð0Þ ¼ x 2 ½0; 1�; t � 0;

ð7Þ

where A ¼ r
ffiffiffiffiffiffi
raI
p

for the integrated channel, and A ¼
r
ffiffiffiffiffiffiffiffi
raM
p

for the decentralized channel.
To characterize the evolution processes, a specifica-

tion of the disturbance function is required. Following
Prasad and Sethi (2004), we use sðxÞ ¼ s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1� xÞ

p
,

where s is a constant. This specification has the prop-
erties discussed in Remark 3.1, and it ensures the
awareness share to remain bounded within [0, 1]
despite the stochastic disturbances. With this specifi-
cation, we get the following result.

PROPOSITION 4: The density of the stationary distribution
of the awareness share is given by the Beta density, i.e.,

fðyÞ ¼
G 2A

s2 þ 2d
s2

� �
G 2A

s2

� �
G 2d

s2

� � y
2A
s2�1ð1� yÞ

2d
s2�1

;

where GðsÞ ¼
R1

0 qs�1e�qdq; s40 is the gamma function.
Furthermore, the long-run equilibrium awareness shares,
denoted by �xI for the integrated channel and �xD for the
decentralized supply chain, are given by

�xI ¼
r
ffiffiffiffiffiffi
raI
p

r
ffiffiffiffiffiffi
raI
p þ d

; �xD ¼
r
ffiffiffiffiffiffiffiffi
raM
p

r
ffiffiffiffiffiffiffiffi
raM
p þ d

: &

Clearly, as a consequence of aI4aM, we get �xI4�xD.
What this means is that, due to higher advertising in
the integrated channel, the average awareness about
the product is higher in this case in the long run than
when it is sold through a decentralized supply chain,
ceteris paribus.

Illustrative examples can be obtained for different
parameter values. For the graphs in Figures 4–7, we

used the linear demand function and parameter val-
ues c 5 0 and Z5 0.25. This generates mI 5 1, mM 5 0.5
and mR 5 0.25. Next, the values r 5 0.05, d5 1,
s5 0.25, and advertising effectiveness r5 2 are used.
In practice, a decision calculus approach could be fol-
lowed to obtain the parameter values. The solutions
of the unknown coefficients are aI ¼ 7:3; aM ¼ 3:29;
aR ¼ 1:39; bI ¼ 0:6; bM ¼ 0:32; bR ¼ 0:17. Therefore,
y�5 0.58.

From this information, the value functions are plot-
ted. In Figure 4, it can be seen that the value function
for the integrated channel is over 1.5 times that of the
decentralized channel. This is higher than mI=ðmM þ
mRÞ ¼ 1:33 times, which would be the result given by
a static analysis. The additional inefficiency is, of
course, due to lower than the centralized optimal level
of advertising as shown in Figure 1 and as can be seen
from Figure 5. Channel coordination is thus of greater
value when co-op advertising is used. Another thing
to note is that the manufacturer enjoys the first mover
advantage, obtaining over twice as much profit as the
retailer.

Next, we graph the sample paths of awareness
shares and advertising efforts over time, to make the
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effect of the stochastic term much clearer. To do this,
note that the SDE dxðtÞ ¼ aðxÞdtþ bðxÞdwðtÞ can be
numerically approximated by xðtþ DÞ ¼ xðtÞþ
aðxðtÞÞDþ bðxðtÞÞ

ffiffiffiffi
D
p

sðtÞ. The fsðtÞg are i.i.d. Normal
with mean 0 and variance 1, generated using Excel’s
random number generator, and using the time step
D5 0.01.

Figure 6 shows a sample path from an initial start-
ing point x 5 0.1. Because the equilibrium awareness
shares for both channel structures are higher than
the initial value, there is a rise over time
towards the long-run equilibrium awareness shares
�xI ¼ 0:55 and �xD ¼ 0:45. A comparison of Figures 6
and 7 together will show that when the awareness
share decreases below its mean value, then the
advertising is higher, and vice versa. When the sto-
chastic disturbances move the awareness share away
from the mean, the optimal advertising changes in a
way that tends to return the awareness share back to
the mean. Thus the advertising acts to reduce the
effects of stochastic disturbances. Figure 7 also shows
that the advertising effort at each instant of time is

also lower in the decentralized case than in the inte-
grated case.

5. Revenue Sharing Contracts and
Co-op Advertising

We consider the case in which the co-op advertising
program is combined with a revenue sharing contract.
We want to examine whether the combination of these
two schemes can coordinate the channel, i.e., achieve
the same profit level in the vertically integrated chan-
nel. We assume that revenue sharing is applied to all
units. The firms’ profit functions for any constant
sharing rule y are

VR ¼ E

Z 1
0

e�rt ð1� yÞpðtÞ � wðtÞð ÞDðpðtÞÞxðtÞf

�ð1� yÞu2ðtÞ
�

dt

VM ¼ E

Z 1
0

e�rt ypðtÞ þ wðtÞ � c½ �f DðpðtÞÞxðtÞ

�yu2ðtÞ
�

dt

PROPOSITION 5: A revenue sharing and co-op advertising
contract where the manufacturer receives a constant
fraction y of the retail revenue and contributes the same
fraction towards co-op advertising will coordinate the
channel. In equilibrium,

w�ðxÞ ¼cð1� yÞ; p�ðxÞ ¼ P�; u�ðxÞ ¼ U�ðxÞ;
VR ¼ð1� yÞVI and VM ¼ yVI: &

We make a few observations. First, the retailer
shares the supply chain’s profit by sharing both its
cost and revenue. Second, the manufacturer’s whole-
sale price is less than its production cost, which
implies that it loses money in selling the product to
the retailer, but makes profit by participating in rev-
enue sharing. Third, the revenue sharing contract can
arbitrarily split the profit between the manufacturer
and the retailer. These three observations carry over in
the dynamics case, the results obtained in Cachon and
Lariviere (2005) in a one-period newsvendor model.

There are other contracts by which the channel can
be coordinated. For example, a two-part tariff con-
sisting of a wholesale price per unit and a fixed fee is
possible. The wholesale price is set to the marginal
cost and the participation rate is set to zero, which will
make the retailer’s problem equivalent to the inte-
grated channel problem. The fixed fee extracts the
maximum surplus and hence the manufacturer sets it
equal to the integrated channel profit leaving the re-
tailer with no surplus. Instead of this, another method
is to have a bargained split of channel revenues so that
it is possible for both parties to have some surplus.
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6. Conclusions
Co-op advertising is a widely used marketing tool
that affects advertising and pricing policies through-
out the supply chain. A co-op advertising plan
specifies a participation rate, which is defined as the
percentage of the retailer’s advertising expense on
the manufacturer’s product that is contributed by the
manufacturer to the retailer. In this paper we provide
a theoretical analysis of co-op advertising plans in a
dynamic stochastic supply chain.

We first develop a model that has the following
salient features. Unlike much of the work in the
co-op literature, this is a dynamic model. Modeling
dynamics is particularly important when studying
advertising, because the carryover of advertising and
promotion effects is well documented. We employ the
dynamics of the Sethi model, which is analytically
tractable and has been validated in empirical studies.
In further contrast to the literature, we incorporate
uncertainty in awareness share and derive optimal
feedback policies for price and advertising by the
manufacturer and retailer.

The sequence of events is that the manufacturer
announces a participation rate policy and wholesale
price policy, and subsequently the retailer determines
its selling price and local advertising policy. These
decisions constitute a feedback strategy and are thus
time consistent.

There are two types of equilibria identified in the
analysis that may occur depending on the parameter
values. One corresponds to no co-op advertising
(Proposition 3(a)) and the other to positive co-op ad-
vertising (Proposition 3(b)). Thus, we note that it is
not always optimal for the manufacturer to offer a
co-op advertising program. In the case when the
retailer’s margin is lower than the manufacturer’s
margin, or close to it, then the manufacturer will offer
a co-op program. Otherwise, when the retailer’s mar-
gin is significantly higher than the manufacturer’s,
then the manufacturer will not offer a co-op program.
We discussed how the shape of the demand curve is
relevant to this conclusion, with co-op advertising be-
ing likely when there is linear demand and less likely
with isoelastic demand.

We find that the optimal participation rate, the
wholesale price, and the retail price are constants that
depend only on the model parameters (Proposition 2–
3). The optimal advertising expenditure on the other
hand depends on the awareness share and follows an
inverse law (Proposition 3). The results are robust
against uncertainty. With a specification of the ran-
dom noise, we are able to show that the awareness
process has a Beta distribution (Proposition 4).

We solve the model for a vertically integrated chan-
nel (Proposition 1). Comparing its results to those for
the decentralized channel, we find that in the absence

of co-op advertising, the decentralized channel has
higher than optimal prices and lower than optimal
advertising. The higher prices can be explained by the
standard double marginalization argument. Under-
advertising, on the other hand, has a related but more
involved explanation. Whereas wholesale price by
itself cannot correct for these problems, we demon-
strate that a revenue and advertising sharing contract
allows the channel to achieve the coordinated out-
come (Proposition 5). Thus, we show that for the
manufacturer, decision making that jointly optimizes
co-op advertising and price has an important benefit.

A few limitations and future extensions of the
model should be noted. We assume the manufacturer
to be the Stackelberg leader, but there are practical
examples of large retailers such as Walmart that have
the channel power to dictate terms to the manufac-
turer. In that case, the retailer as Stackelberg leader
should be studied. Another extension is suggested by
the survey of Dutta et al. (1995) of over two thousand
co-op advertising plans, which finds that these plans
specify not only a participation rate but also an ac-
crual rate. For example, a 50% participation rate
capped by a 3% accrual rate means that the manu-
facturer will compensate 50% of the retailer’s local
advertising expenses up to 3% of the purchases made
by the retailer. A possible reason for the use of accrual
rates is to limit the maximum liability of the manu-
facturer in the absence of full information about the
retailer and market conditions. Thus, incorporation of
the accrual rate in our model presents a topic of future
research.

It is also important to consider the impact of com-
petition between manufacturers, although tractability
can become an issue there. Dutta et al. (1995) find that
participation rates are higher when there are fewer
competitors, which seems surprising; but they argue
that manufacturers with monopoly power can use
co-op advertising to resolve coordination problems.
Missing in their data is competitive intensity among
retailers. Both manufacturer and retailer level compe-
tition deserve further attention in analytical and
empirical models.
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Appendix A

PROOF OF PROPOSITION 1. We will abbreviate the func-
tion arguments in this section, when no confusion
arises, to keep the analysis uncluttered.

We form the dynamic programming or Hamilton-
Jacobi-Bellman (HJB) equation of problem (4) with
P ¼ P�:

rVI ¼max
U�0

ðP� � cÞDðP�Þx�U2
�

þ VI
xðrU

ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

� dxÞ þ VI
xxs

2=2
o
;

ðA1Þ

where VI
x ¼ dVI=dx and VI

xx ¼ d2VI=dx2. Performing
the maximization on the RHS, the FOC for an interior
solution is

�2U þ VI
xr

ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

¼ 0; ðA2Þ

Later on we shall show that VI
x40, so that the as-

sumption of an interior solution is justified. Rewriting
(A2), we get

U�ðxÞ ¼ VI
xr

ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

2
: ðA3Þ

By inserting (A3) in (A1) and setting
mI ¼ ðP� � cÞDðP�Þ, the HJB equation becomes

rVI ¼mIxþ
VI

x

� 	2r2ð1� xÞ
4

� VI
xdxþ VI

xxs
2=2;

ðA4Þ

and one can see that the linear value function

VI ¼ aI þ bIx ðA6Þ

satisfies (A4). By inserting it, we get

raI þ rbIx ¼ mIxþ
b2

I r
2ð1� xÞ

4
� bIdx: ðA7Þ

Comparing the coefficients of like powers yields

aI ¼ b2
Ir

2=4r; ðrþ dÞbI ¼ mI � b2
Ir

2=4: ðA8Þ

Because it makes sense to assume bI to be positive,
its solution is

bI ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrþ dÞ2 þ r2mI

q
� ðrþ dÞ

r2=2

¼ 2mIffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrþ dÞ2 þ r2mI

q
þ ðrþ dÞ

:

ðA9Þ

&

PROOF OF PROPOSITION 2. The analysis proceeds by
backward induction, solving the retailer’s problem
first. The retail price p only occurs in the integrand,
which allows us to first derive the best response retail
price pðxjw; yÞ by maximizing the integrand in (2) with
respect to p. It is obvious that the result will be in-
dependent of x and y(x). We can thus denote by p̂ðwÞ
the retailer’s best response retail price. It satisfies the
FOC Dðp̂Þ þ ðp̂� wÞD0ðp̂Þ ¼ 0. We can now write the
retailer’s margin as mR ¼ ðp̂ðwÞ � wÞDðp̂ðwÞÞ.

Next we solve the retailer’s best advertising strat-
egy uðxjw; yÞ. In view of the above, we can rewrite the
retailer’s problem (1), (2) as follows:

VRðxÞ ¼max
u�0

E

Z 1
0

e�rtðmRxðtÞ � ð1� yðxðtÞÞÞuðtÞ2Þdt

� �
;

dxðtÞ ¼ ruðtÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� xðtÞ

p
� dxðtÞ

h i
dtþ sðxðtÞÞdzðtÞ;

xð0Þ ¼x 2 ½0; 1�; t � 0:

ðA10Þ

The Hamilton–Jacobi–Bellman (HJB) equation is

rVR ¼ max
u�0

mRx� ð1� yðxÞÞu2 þ VR
x ru

ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

� dx
� �

þ sðxÞ2VR
xx

2

( )
:

ðA11Þ

The FOC for a maximum is

�2uð1� yðxÞÞ þ VR
x r

ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

¼ 0; ðA12Þ

which gives

uðxjw; yÞ ¼ VR
x r

ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

2ð1� yðxÞÞ : ðA13Þ

Note that we have kept the dependence of this re-
sponse on w, because VR

x would depend on w in
general. Substituting uðxjw; yÞ for u into (A11), we get

rVR ¼ mRxþ ðV
R
x Þ

2r2ð1� xÞ
4ð1� yðxÞÞ � VR

x dx

þ sðxÞ2VR
xx

2
: ðA14Þ

&
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PROOF OF PROPOSITION 3. We substitute p̂ðwÞ and
uðxjw; yÞ into the manufacturer’s problem (3) and
obtain the following problem:

VMðxÞ ¼ max
0�y�1;w�0

E

Z 1
0

e�rt

�
ðwðtÞ � cÞDðp̂ðwðtÞÞÞxðtÞ:

�

� � yðVR
x Þ

2r2ð1� xðtÞÞ
4ð1� yÞ2

" ##
dt

)

dxðtÞ ¼ VR
x r

2ð1� xðtÞÞ
2ð1� yÞ � dxðtÞ

� �
dtþ sðxðtÞÞdzðtÞ;

xð0Þ ¼x 2 ½0; 1�; t � 0:

Note that the wholesale price does not enter the
dynamics of awareness share, and can therefore be
solved for separately. The optimal wholesale price
w� satisfies the FOC ðw� � cÞD0ðp̂ðw�ÞÞp̂0ðw�Þ þD
ðp̂ðw�ÞÞ ¼ 0. Let mM ¼ ðw� � cÞDðp�ðw�ÞÞ denote the
manufacturer’s optimal margin. We can rewrite the
manufacturer’s value function as

VMðxÞ ¼ max
0�y�1

E

Z 1
0

e�rt mMxðtÞ � yðVR
x Þ

2r2ð1� xðtÞÞ
4ð1� yÞ2

" #
dt

( )
:

The Hamilton–Jacobi–Bellman (HJB) equation is

rVM ¼ max
0�y�1

mMx� yðVR
x Þ

2r2ð1� xÞ
4ð1� yÞ2

(

þ VM
x

VR
x r

2ð1� xÞ
2ð1� yÞ � dx

� �

þ sðxÞ2VM
xx

2

)
:

ðA15Þ

In maximizing the right-hand side of (A15),
whether y ¼ 0; y 2 ð0; 1Þ or y ¼ 1 depends, respec-
tively, on whether the derivative of the right-hand
side of (A15), which is

�ðVR
x Þ

2r2ð1� xÞ
4

ð1� yÞ2 þ 2yð1� yÞ
ð1� yÞ4

 !

þ VM
x VR

x r
2ð1� xÞ

2ð1� yÞ2

is less than, equal to, or greater than zero. From the
expression, y5 1 can be ruled out, and we are left
with the result that

yðxÞ ¼ max 0;
2VM

x � VR
x

2VM
x þ VR

x

� �
: ðA16Þ

Next, we investigate the two cases where the partic-
ipation rate is zero (a) or positive (b), and determine
the condition required for y5 0 to be optimal.

Case (a): No co-op advertising, y5 0.

Inserting y(x) 5 0 into (A13) gives

u�ðxÞ ¼ 1

2
rVR

x

ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

: ðA17Þ

Inserting y(x) 5 0 into (A15) and (A14), we have

rVM ¼mMxþ VM
x VR

x r
2ð1� xÞ
2

� VM
x dxþ sðxÞ2VM

xx

2
;

ðA18Þ

rVR ¼mRxþ ðV
R
x Þ

2r2ð1� xÞ
4

� VR
x dxþ sðxÞ2VR

xx

2
:

ðA19Þ

Let VM ¼ aM þ bMx and VR ¼ aR þ bRx. Then,
VM

x ¼ bM and VM
x ¼ bR. Substituting these into (A18)

and (A19) and equating like powers of x, we can ex-
press all the unknowns in terms of bR, which itself can
be explicitly solved. That is,

bR ¼
2mRffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðrþ dÞ2 þ r2mR

q
þ ðrþ dÞ

;

bM ¼
2mM

2ðrþ dÞ þ bRr2
;

aR ¼
b2

Rr
2

4r
; aM ¼

bRbMr2

2r
:

ðA20Þ

Using (A20) in (A17), we can write u�ðxÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
raRð1� xÞ

p
. Finally, we can derive the required

condition from (A16), which is 2VM
x � VR

x , for no co-
op advertising (y5 0) in the equilibrium. This is given
by 2bM � bR, or

4mM

2ðrþ dÞ þ 2mRr2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrþdÞ2þr2mR

p
þðrþdÞ

� 2mRffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrþ dÞ2 þ r2mR

q
þ ðrþ dÞ

:

ðA21Þ

After a few steps of algebra, this yields the required
condition

D ¼ mMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrþ dÞ2 þ r2mR

q
� mRffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrþ dÞ2 þ r2mR

q
þ ðrþ dÞ

� 0:
ðA22Þ

Next, we obtain the solution when D40
Case (b): Co-op advertising, y40.
Using the expression from (A16), with yðxÞ40, into

(A13) gives

u�ðxÞ ¼ 1

4
rðVR

x þ 2VM
x Þ

ffiffiffiffiffiffiffiffiffiffiffi
1� x
p

: ðA23Þ
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Inserting (A16) into (A15) and (A14), we have

rVM ¼mMx�
r2ð1� xÞ 4ðVM

x Þ
2 � ðVR

x Þ
2

h i
16

þ
VM

x r2ð1� xÞ 2VM
x þ VR

x


 �
4

� VM
x dxþ sðxÞ2VM

xx

2
;

ðA24Þ

rVR ¼ mRxþ ðV
R
x Þ

2r2ð1� xÞ
4

� 2VM
x þ VR

x

2VR
x

� VR
x dxþ sðxÞ2VR

xx

2

ðA25Þ

Let VM ¼ aM þ bMx and VR ¼ aR þ bRx. Then, VM
x ¼

bM and VM
x ¼ bR. Substituting these into (A24) and

(A25) and equating like powers of x, we have

aR ¼
bRðbR þ 2bMÞr2

8r
; ðA26Þ

ðrþ dÞbR ¼ mR �
bRðbR þ 2bMÞr2

8
; ðA27Þ

aM ¼
ðbR þ 2bMÞ

2r2

16r
; ðA28Þ

ðrþ dÞbM ¼ mM �
ðbR þ 2bMÞ

2r2

16
: ðA29Þ

Using (A28) in (A23), we can write u�ðxÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
raMð1� xÞ

p
.

The four equations (A26)–(A29) determine the so-
lutions for the four unknowns, aR, bR, aM, and bR.
From (A27) and (A29), we can obtain

b3
R þ

2mM

rþ d
b2

R þ
8mR

r2
bR �

8m2
R

rþ dð Þr2
¼ 0: ðA30Þ

If we denote a1 ¼ 2mM
rþd ; a2 ¼ 8mR

r2 and a3 ¼ �
8m2

R
rþdð Þr2,

then a140, a240 and a340. From Descarte’s Rule of
Signs, there exists a unique, positive real root. The two
remaining roots may be both imaginary or both real
and negative. Because this is a cubic equation, a com-
plete solution can be obtained. Using Mathematica or
following Spiegel (1968), we can write down the three
roots

bRð1Þ ¼ Sþ T � 1

3
a1;

bRð2Þ ¼ �
1

2
ðSþ TÞ � 1

3
a1 þ

ffiffiffi
3
p

2
iðS� TÞ;

bRð3Þ ¼ �
1

2
ðSþ TÞ � 1

3
a1 �

ffiffiffi
3
p

2
iðS� TÞ;

where

Q ¼ 3a2 � a2
1

9
;

R ¼ 9a1a2 � 27a3 � 2a3
1

54
;

S ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q3 þ R2

p
3

q
;

T ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q3 þ R2

p
3

q
:

Next, we identify the positive root in each of three
cases.

Case 1 (Q40): We have S404T and Q31R240.
There is one positive root and two imaginary roots.
The positive root is bR ¼ Sþ T � 1

3 a1.
Case 2 (Qo0 and Q31R240): There are three real

roots with one positive. The positive root is bR ¼
Sþ T � 1

3 a1:
Case 3 (Qo0 and Q31R2o0): S and T are both

imaginary. We have three real roots with one positive.
While subcases can be given to identify the positive
root, for our purposes, it is enough to identify it nu-
merically.

Finally, we can conclude that 2bM � bR40 so that
y �40, since if this were not the case, then y� would
be zero and we would once again be in Case (a). &

PROOF OF PROPOSITION 4. An important property of
the solution x(t) of an Itô stochastic differential equa-
tion

dxðtÞ ¼ aðxðtÞ; tÞdtþ bðxðtÞ; tÞdzðtÞ; xð0Þ ¼ x

is that it is a Markov process (Cyganowski et al. 2002,
‰8.3). The transition probability of this Markov pro-
cess has a density pðt; y; 0; xÞ for going from awareness
share y at time 0 to awareness share x at time t40,
which satisfies the Fokker-Planck equation

@p

@t
þ @

@y
ðapÞ � 1

2

@2

@y2
ðb2pÞ ¼ 0; pðt; y; 0; xÞ ¼ dðy� xÞ:

For our problem, we shall first obtain and then
attempt to solve the Fokker-Planck equation. The sto-
chastic differential equation can then be expressed as

dxðtÞ ¼ ðA� ðAþ dÞxðtÞÞdt

þ s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðtÞð1� xðtÞÞ

p
dzðtÞ;

xð0Þ ¼ x; t � 0

ðA31Þ

The corresponding Fokker-Planck equation is given
by

@p

@t
þ @

@y
ððA� ðAþ dÞyÞpÞ � 1

2

@2

@y2
ðs2yð1� yÞpÞ

¼ 0;

ðA32Þ
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which simplifies to

@p

@t
þ s2yðy� 1Þ

2

@2p

@y2
þ ðð2s2 � ðAþ dÞÞyþ A� s2Þ @p

@y

þ ðs2 � ðAþ dÞÞp ¼ 0:

ðA33Þ

For its density f(y), we can set @p
@t ¼ 0 and obtain the

second-order ordinary differential equation

s2yðy� 1Þ
2

d2f

dy2
þ ðð2s2 � ðAþ dÞÞyþ A� s2Þ df

dy

þ ðs2 � ðAþ dÞÞf ¼ 0:

ðA34Þ

A slight rearrangement makes it clear that this is the
hypergeometric equation

y y� 1ð Þ d2f

dy2

þ 4� 2ðAþ dÞ
s2

� �
y� 2� 2A

s2

� �� �
df

dy

þ 2� 2ðAþ dÞ
s2

� �
f

¼ 0: ðA35Þ

The solution is the Beta density

fðyÞ ¼
G 2A

s2 þ 2d
s2

� �
G 2A

s2

� �
G 2d

s2

� � y
2A
s2�1ð1� yÞ

2d
s2�1

: ðA36Þ

The long-run equilibrium awareness shares are ob-
tained from the mean of this density function, which
is A=ðAþ dÞ. If we denote this by �xI for the integrated
channel and �xD for the decentralized supply chain, we
have

�xI ¼
r
ffiffiffiffiffiffi
raI
p

r
ffiffiffiffiffiffi
raI
p þ d

; �xD ¼
r
ffiffiffiffiffiffiffiffi
raM
p

r
ffiffiffiffiffiffiffiffi
raM
p þ d

: ðA37Þ

&

PROOF OF PROPOSITION 5. For any given w(x) and y, the
retailer’s retail price response pðxjw; yÞ ¼ p̂ðw; yÞ sat-
isfies the FOC

½ð1� yÞp̂ðw; yÞ � w�D0ðp̂ðw; yÞÞ þDðp̂ðw; yÞÞ
¼ 0: ðA38Þ

Its advertising response is

uðxjw; yÞ ¼ VR
x r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� xÞ

p
2ð1� yÞ : ðA39Þ

Taking (A38) into consideration, the manufacturer’s
decision w satisfies the FOC

½p̂ðw; yÞ � c�D0ðp̂ðw; yÞÞ þDðp̂ðw; yÞÞ� dp̂ðw; yÞ
dw

� f½ð1� yÞp̂ðw; yÞ � w�D0ðp̂ðw; yÞÞ þ ð1� yÞDðp̂ðw; yÞÞg

� dp̂ðw; yÞ
dw

¼ 0:

ðA40Þ

Using (A38) and simplifying, we get

½p̂ðw; yÞ � c�D0ðp̂ðw; yÞÞ þDðp̂ðw; yÞÞ ¼ 0: ðA41Þ

Comparing this condition to the corresponding one
for the integrated channel and using (A38), we can
conclude that w� satisfies

ðp� � cÞ ¼ � Dðp�Þ
D0ðp�Þ ¼

ð1� yÞp� � w�

1� y
; ðA42Þ

which gives the prices

w�ðxÞ ¼ ð1� yÞc; p�ðxÞ ¼ p̂ðw�ðxÞ; yÞ ¼ P�; ðA43Þ

which are both constants independent of x. With these
prices, the retailer’s problem reduces to the problem
of the integrated channel except for the constant mul-
tiplier (1� y). Thus, from (A39), we have

u�ðxÞ ¼ uðxjw�; yÞ ¼ VI
xr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� xÞ

p
2ð1� yÞ ¼ U�ðxÞ: ðA44Þ

Finally, it is easy to see that VR ¼
ð1� yÞVI and VM ¼ yVI . &
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